
NASA TECHNICAL NOTE 

_1 i 

INSTABILITY OF SLENDER 

TO THERMALLY INDUCED 
BENDING MOMENTS 

THIN-WALLED BOOMS DUE 

by Vernon K. Mewick 

Ames Resemcb Center 
Moffeett Fie& Cdzy 94035 

N A S A  T N  D-57 

i& * I  
- -  

N A T I O N A L  A E R O N A U T I C S  A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  D. C. M A Y  1970 
/ 
f 

I 



TECH LIBRARY KAFB, NM 

19. Security Classif .  (o f  this report) 

Unclassified 

I111111 HIII lllll lllll lllll1111111111 llllllll 

20. Security Classif .  (of this page) 21- NO. of Pages  I 63 
Unrlassified 

0332437 

NASA TN D-5774 ! ' *  Report No. 

2. Government Accession No.  I 
4. T i t l e  and Subtitle 

INSTABILITY OF SLENDER THIN-WALLED BOOMS DUE TO THERMALLY 
INDUCED BENDING MOMENTS 

7. Authods)  
Vernon K. Merr ick 

9. Performing Organizat ion Name and Address 
NASA Ames Research Center 
Moffett Field, California 94035 

12 .  Sponsoring Agency Name and Address 
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
Washington, D. C . ,  20546 

15. Supplementary Notes  

3. Recipient 's  Catalog No. 

5. Report D a t e  
May 1970 

6. Performing Organizat ion Code 

8. Performing Organizat ion Report I 
A-3284 

'0. Work U n i t  No. 
125-19-03-04-00-21 

1.  Contract or Grant N o .  

13. Type  o f  Report and Per iod  Cave  

TECHNICAL NOTE 

14. Sponsoring Agency Code 

16 .  Abstract 

The stability of s lender  thin-walled booms illunilnated by thc~rmai  radialion i s  investigxled. The pro1,lem i s  ain,piified by 1 
assuniptions that the c r o s s  section i s  thermally (but  not iiecessarily s t ructural ly)  s eamless  and thermal  torques a r e  nrgl igble  
This report i s  thereiorc  a treatment of the influence of thermally induced beinding nionients on booni stability. 

The linearized analysis developed shows that in the absence of s t ructural  rlanipinp, any initially s t ra lght  boom, with ei ther  
s eamless  or  open c r o s s  section, is unstable. The instability is an  oscillatory divergence and IS particularly seve re  for booms 
open cross section. Slability can be altained by the use of i lexural  damping, but in many cases  the amount required IS greater  
than can be provided by the s t ructure  alone. 

viscous fluid, i s  an effective s labi l izer  l o r  a large c l a s s  of booms important in space applications. 

Torsional damping is relatively ineifective. 

A damper ,  in the fo rm of a closed vessel ,  rigldly attached to  the boom tip, and containing a ball f r e e  t o  move through a 

17. Key  Wards Suggested by Author 
Thermoelasticity 
Structural  vibration 
Shells ( s t ruc tu ra l  fo rms)  
Gravity gradient satel l i tes  

18. Distr ibut ion Statement 

Unclassified -Unlimited 

22. Pr ice*  

$3.00 



i 



TABLE OF CONTENTS 
Page 
iv 
1 
I 
4 
4 
5 
6 
9 
10 
10 
12  
14 
21 
23 
26 
28 

NOMENCLATURE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DERIVATION OF THE STABILITY POLYNOMIAL . . . . . . . . . . . . . . . . .  
Principal Assumptions . . . . . . . . . . . . . . . . . . . . . . . .  
Thermal Bending Moments and Boom Deflection Equations . . . . . . . .  
The Characteristic Stability Polynomial . . . . . . . . . . . . . . .  

ANALYSIS OF THE STABILITY POLYNOMIAL . . . . . . . . . . . . . . . . . .  

Geometry of the Equilibrium State . . . . . . . . . . . . . . . . . .  

System Stability in the Absence of Structural Damping . . . . . . . .  
Conditions Under Which I$ May Be Neglected . . . . . . . . . . . . .  

ANALYSIS OF THE EFFECTIVENESS OF A PASsl'VE TIP DAMPER . . . . . . . . .  
The Influence of Flexural Damping D, . . . . . . . . . . . . . . . .  
The Influence of Torsional Damping D . . . . . . . . . . . . . . . .  

STABILITY OF TYPICAL OPEN SECTION BOOMS . . . . . . . . . . . . . . . .  
CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
BOOM OF CIRCULAR SECTION HEATED BY THERMAL RADIATION . . . . . . . . .  
CROSS SECTION . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
MOMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
POLYNOMIAL CORRESPONDING TO THE MOST RAPID DIVERGENCE . . . . . . . .  

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
TABLE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

APPENDIX A - THERMAL BENDING MOMENTS IN A THERMALLY SEAMLESS THIN-WALL 

APPENDIX B - DEFLECTION EQUATIONS FOR A CIRCULARLY BENT BOOM OF CIRCULAR 

APPENDIX C - ORDER OF MAGNITUDE OF ANGLE OF TWIST DUE TO T€IERMAL BENDING 

APPENDIX D - EVALUATION OF THE REAL PART OF THE ROOT OF THE STABILITY 

APPENDIX E - EVALUATION OF THE MAXIMUM VALUE OF mdm* . . . . . . . . .  

30 

39 

46 

48 
53 
56 
57 

iii 



NOMENCLATURE 

A 

an 

B 

C 

C 1  

C 

D 

E 

E 1  

e, 

F 

G 

h 

I 

I$  

,J 

K 
S 

k 

3 E  I - + -  
3 E I  5,112 

c o e f f i c i e n t s  of  polynomial (n = 0 ,  1, 2 ,  3 ,  4 ,  5 )  

L~ s i n  a 

t o r s i o n a l  r i g i d i t y  

warping r i g i d i t y  

thermal capac i ty  

[ f l ; g L )  - 2-1 3R L 3  

s t r u c t u r a l  damping cons tan ts  f o r  damping of  motions i n  y 
and z d i r e c t i o n s  and i n  t o r s i o n  about t h e  boom a x i s  

Young s modulus 

bending s t i f f n e s s  

c o e f f i c i e n t  o f  thermal expansion 
T ; f 2 ( k L )  

- forces  a t  t i p  o f  boom i n  n(L) and b ( L )  d i r e c t i o n s  

func t ions  def ined by equat ions  (B16),  (B33), and (80) 

w a l l  th ickness  

second moment o f  a r e a  o f  c ros s  s e c t i o n  

r o t a t i o n a l  i n e r t i a  o f  t i p  mass 

thermal r a d i a t i o n  constant  

thermal conduct iv i ty  

i v  



mdm* 
mS 

mT 

P 

P 

P* 

9 

R 

RO 

RS 

r 

S 

S 

S* 

T 

T 

T 
- 

l ength  of  boom 

moments about t ,  n,  and d i r e c t i o n s  
- -  

bending moments about and z axes 

mass o f  t h e  damper b a l l  

yo 0 

minimum value  o f  m *  f o r  which the  boom can be s t a b i l i z e d  d 

mass o f  t h e  damper case  

t o t a l  mass a t  t h e  boom t i p  

h 

d; q ( 2 , t ) s i n  7 x - x  

PO 1 ynomi a 1 

r e a l  p a r t  o f  uns tab le  roo t  

dimensionless p ,  pdmT(A - B )  

imaginary p a r t  o f  uns t ab le  roo t  

~ 

dimensionless q ,  qv",-(A - €3) 

t o t a l  r ad ius  of  curva ture  

i n i t i a l  r ad ius  of  curva ture  

thermally induced r ad ius  of  curva ture  

r ad ius  o f  boom cross  sec t ion  

Lap1 ace t r a n s  form va r i ab  l e  

d i s t ance  measured along t h e  circumference of  t h e  boom cross  
s e c t i o n  (used only i n  appendix A) 

dimensionless Laplace t ransform v a r i a b l e ,  simT(A - B )  

couple a t  t i p  o f  boom i n  t ( L )  d i r e c t i o n  

p e r t u r b a t i o n  temperature  (?; - To) (used only i n  appendix A)  

abso lu t e  temperature  o f  a po in t  on t h e  boom 

- 

V 

. . . ...... ... . . . . 



TO 

t 

t '  

"B 

X 

Y ' Y Z '  

y", z" 

a 

B 

mean absolu te  temperature o f  boom 

time measured from t h e  i n s t a n t  t h e  boom i s  per turbed from 
i t s  thermal equi l ibr ium p o s i t i o n  

time measured from t h e  i n s t a n t  t h e  boom rece ived  r a d i a n t  
h e a t  

tangent ,  normal, and binormal u n i t  vec tors  def ined a t  a 
p o i n t  x a long t h e  boom a x i s  

s t r a i n  energy i n  bending 

B r e l a t i v e  s t i f f n e s s  parameter,  - A 
- 

d i s t a n c e s  measured along t h e  boom a x i s  and along b (x )  and - n [x) , r e s p e c t i v e l y  

r o t a t e d  coordinate  system: t h e  xoyozo system i s  der ived  
from t h e  x o f y o ' z o ~  system by a p o s i t i v e  r o t a t i o n  a 
about t h e  xol a x i s ;  t h e  boom i n  equi l ibr ium l i e s  i n  t h e  
XOYO p lane  

b a s i c  coordinate  system: xol i s  measured along t h e  
tangent  a t  t h e  boom r o o t ,  p o s i t i v e  i n  t h e  d i r e c t i o n  of 
t h e  t i p ,  yo'  i s  perpendicular  t o  xof and such t h a t  t h e  
s u n l i n e  i s  i n  t h e  xofyo '  p lane ,  z o f  completes t h e  
orthogonal r i g h t  handed system 

axes p a r a l l e l  t o  yo '  and zo l  a t  a t y p i c a l  p o i n t  on t h e  
boom a x i s  

axes r o t a t e d  through angle  il, r e l a t i v e  t o  y ' ,  z '  axes 

angle  between t h e  normal t o  t h e  p lane  o f  bending i n  t h e  

(boom f i x e d  axes) 

equi l ibr ium s t a t e  and t h e  yo1 a x i s  (see f i g .  1) 

a b s o r p t i v i t y  

angle  between r a d i a t i o n  rays and yo' a x i s  ( sun l ine  l i es  
i n  t h e  xo'yo'  plane)  

i n p u t  hea t  f l u x  r a t e  due t o  thermal r a d i a t i o n  

small change i n  a v a r i a b l e  

angle  between t h e  normal t o  t h e  plane of i n i t i a l  bending 
and t h e  yo' a x i s  ( see  f i g .  1) 

e m i s s i v i t y  E 

v i  



Jmy(A - B )  D Z  

2mT 
f l e x u r a l  damping f a c t o r ,  - 

K 

K *  

x 

An 

A "  

V 

P 

0 

I 0 

O m  

J ,  

( 10 

f l e x u r a l  damping f a c t o r ,  - 

DJ,Lf, (kL) 
2c t o r s i o n a l  damping f a c t o r ,  

damping cons tan t  of b a l l  damper 

KJmT(A - B) 
dimensionless K, - 

md 

r e c i p r o c a l  o f  t h e  p r i n c i p a l  thermal time constant  

r e c i p r o c a l s  of  time cons tan ts  o f  thermal modes 
(n = 0 ,  1, 2 ,  . . . )  

dimensionless A ,  Adm,(A - B )  

Po isson ' s  r a t i o  

mass dens i ty  o f  t h e  boom mater ia l  

r ad ius  o f  gy ra t ion  o f  t i p  mass, /: 
Stephan- Bo1 t zmann constant  

r o t a t i o n a l  i n e r t i a  o f  boom p e r  u n i t  length 

mass p e r  u n i t  l ength  o f  t h e  boom 

angle  of t w i s t  r e l a t i v e  t o  t h e  boom roo t  

v a r i a b l e  a s soc ia t ed  with an i n i t i a l l y  s t r a i g h t  boom 

v i  i 



INSTABILITY OF SLENDER THIN-WALLED BOOMS DUE TO 

THERMALLY INDUCED BENDING MOMENTS 

By Vernon K .  Merrick 

Ames Research Center 

SUMMARY 

A l i n e a r i z e d  dynamic s t a b i l i t y  a n a l y s i s  of s l ende r  booms i l lumina ted  by 
thermal r a d i a t i o n  i s  developed. 
wal led,  c i r c u l a r  c ros s  s e c t i o n s .  In  add i t ion  t h e  c ros s  s e c t i o n s  are assumed 
t o  be thermal ly  (but  no t  n e c e s s a r i l y  s t r u c t u r a l l y )  seamless and thermal 
torques about t h e  boom a x i s  are assumed t o  be n e g l i g i b l e .  The a n a l y s i s  i s  
t h e r e f o r e  concerned with t h e  inf luence  of thermal bending moments on boom 
s t a b i  li t y  . 

I t  i s  assumed t h a t  t h e  booms have t h i n -  

I t  i s  shown t h a t  i n  t h e  absence of  s t r u c t u r a l  damping, any i n i t i a l l y  
s t r a i g h t  boom, with e i t h e r  a seamless o r  s t r u c t u r a l l y  open c ross  s e c t i o n ,  i s  
uns t ab le .  Booms wi th  an i n i t i a l  curva ture  may e x h i b i t  e i t h e r  o s c i l l a t o r y  o r  
nonosc i l l a to ry  i n s t a b i l i t i e s ,  depending on t h e  magnitude and d i r e c t i o n  of t h e  
i n i t i a l  curva ture .  The worst  case o s c i l l a t o r y  i n s t a b i l i t y  has  a frequency 
66 percent  of t h a t  of t h e  n a t u r a l  f l e x u r a l  frequency and d iverges  as i f  it had 
a damping f a c t o r  of  -0.354. The i n s t a b i l i t y  can be suppressed by f l e x u r a l  
damping b u t ,  i n  gene ra l ,  t h e  amount requi red  i s  g r e a t e r  than  can be provided 
by t h e  s t r u c t u r e  of e x i s t i n g  boom types .  Tors iona l  damping i s  r e l a t i v e l y  
i n e f f e c t i v e  and t h e r e  e x i s t s  a class of booms which cannot be s t a b i l i z e d  by 
t o r s i o n a l  damping. 

I n i t i a l  boom curva ture  can have a s i g n i f i c a n t  e f f e c t .  I f  t h e  i n i t i a l  
cu rva tu re  i s  such t h a t  t h e  boom, i n  t h e  equi l ibr ium s t a t e ,  i s  bent  toward t h e  
r a d i a t i o n  source ,  i t  i s  s t a b l e ;  otherwise it i s  uns t ab le .  In  gene ra l ,  t h e  
s t a b i l i t y  of  a boom i s  only s l i g h t l y  inf luenced by whether o r  no t  t h e  boom 
cross s e c t i o n  i s  r e s t r a i n e d  from warping a t  t h e  t i p .  

A damper, i n  t h e  form of  a c losed  v e s s e l ,  r i g i d l y  a t t ached  t o  t h e  boom 
t i p  and conta in ing  a b a l l  f r e e  t o  move through a v iscous  f l u i d  i s  an e f f e c t i v e  
s t a b i l i z e r  f o r  a l a r g e  c l a s s  of booms important i n  space a p p l i c a t i o n s .  

INTRODUCTION 

Consider an i d e a l i z e d  s i t u a t i o n  i n  which a s l e n d e r ,  thin-wal led boom, 
clamped r i g i d l y  a t  one end, is  p laced  i n  a fo rce - f r ee  environment. 
t h i s  boom i s  suddenly i l l umina ted  by uniform p lana r  r a d i a t i o n  such as, f o r  
example, s o l a r  r a d i a t i o n .  Some of t h e  r a d i a n t  energy w i l l  be absorbed by t h e  
boom and w i l l  se t  up i n t e r n a l  thermal g rad ien t s .  

Suppose 

These,  i n  t u r n ,  w i l l  produce 



i n t e r n a l  stresses causing t h e  boom t o  bend and t w i s t .  In t h e  process  o f  bend- 
ing  and t w i s t i n g ,  elements of t h e  boom w i l l  change t h e i r  o r i e n t a t i o n  r e l a t i v e  
t o  t h e  d i r e c t i o n  of  t h e  i n c i d e n t  r a d i a t i o n .  Thus, t h e  thermal stresses and, 
t h e r e f o r e ,  t h e  e f f e c t i v e  thermal ly  induced bending moments and torques  w i l l  
change as t h e  boom deforms. In  concept,  a t  l e a s t ,  t h e  boom w i l l  u l t i m a t e l y  
adopt some s t a t i c  equi l ibr ium shape. The c a l c u l a t i o n  of s t a t i c  equi l ibr ium 
shapes f o r  booms of open c ross  s e c t i o n  i s  t r e a t e d  thoroughly i n  r e fe rence  1. 
However, n e i t h e r  s t a t i c  nor dynamic s t a b i l i t y  of  t h e  boom i s  considered.  There 
i s ,  the re fo re ,  no guarantee t h a t  a l l  o r  even any of  t h e s e  s t a t i c  equi l ibr ium 
shapes w i l l  occur i n  p r a c t i c e .  

The f irst  i n d i c a t i o n  t h a t  a l l  s t a t i c  equi l ibr ium shapes are not  s t a b l e  
was both sudden and dramatic .  The OGO I V  s a t e l l i t e  which has  a 60-foot-long 
boom of open c ross  s e c t i o n  began t o  e x h i b i t  high frequency a t t i t u d e  o s c i l l a -  
t i o n s  whenever it was exposed t o  s u n l i g h t .  I t  was found by t h e  S t a b i l i z a t i o n  
and Control Branch a t  Goddard Space F l i g h t  Center t h a t  t h i s  behavior  could be 
explained i f  i t  was assumed t h a t  t h e  boom was o s c i l l a t i n g  a t  i t s  fundamental 
bending frequency with an amplitude a t  t h e  t i p  of about 14  f e e t ,  This  i n f o r -  
mation became a v a i l a b l e  a t  a t ime when many g r a v i t y  s t a b i l i z e d  s a t e l l i t e s  were 
e x h i b i t i n g  apparent ly  random anomalous a t t i t u d e  behavior .  Since long booms of 
open cross  s e c t i o n  a r e  common f e a t u r e s  of t h e s e  s a t e l l i t e s ,  it was conjectured 
t h a t  boom i n s t a b i l i t y  could be t h e  source of t h e  d i f f i c u l t i e s .  High frequency 
o s c i l l a t i o n s  r e c e n t l y  observed i n  t h e  magnetometer readings  of  one of t hese  
s a t e l l i t e s  tend t o  support  t h i s  con jec tu re .  The f i n a l  evidence support ing t h e  
p o s s i b i l i t y  of boom i n s t a b i l i t y  was provided by t h e  S t r u c t u r a l  Dynamics Branch 
a t  Ames Research Center where thermal o s c i l l a t i o n s  were produced i n  a r e l a -  
t i v e l y  s h o r t  boom. 
p o s s i b i l i t y  of  thermal ly  induced dynamic i n s t a b i l i t y  i n  booms of open c ross  
s e c t i o n .  

This  demonstration provided i n c o n t r o v e r t i b l e  proof of t he  

In r e t r o s p e c t ,  a h i n t  t h a t  the  s t a b i l i t y  o f  booms may be a s i g n i f i c a n t  
ques t ion  i s  given i n  re ference  1, which p o i n t s  o u t ,  c l e a r l y ,  t h a t  t h e  bending 
and tw i s t ing  modes a r e  coupled. The ex i s t ence  of coupled s t r u c t u r a l  modes 
toge the r  with bending moments and torques t h a t  a r e  func t ions  of s t r u c t u r a l  
deformation a r e  c l a s s i c a l  elements i n  t h e  product ion of i n s t a b i l i t i e s .  
Numerous examples can be found i n  the  f i e l d  of a e r o e l a s t i c i t y .  

There a r e  s e v e r a l  approaches t o  t h e  t h e o r e t i c a l  s tudy of thermal ly  induced 
boom i n s t a b i l i t i e s .  An extension of t h e  comprehensive approach of r e fe rence  1 
t o  inc lude  dynamic e f f e c t s  should produce d e t a i l s  of t h e  a c t u a l  boom motions 
t h a t  w i l l  be  encountered. An important con t r ibu t ion  along these  l i n e s  has  been 
given by F r i sch  i n  r e fe rence  2 .  However, with t h i s  type of  approach i t  i s  
o f t e n  d i f f i c u l t  t o  a s ses s  t h e  r e l a t i v e  importance of t h e  var ious  boom system 
parameters .  Therefore ,  i n  add i t ion  t o  a p r e c i s e  a n a l y s i s ,  t h e r e  i s  a need f o r  
a more t r a d i t i o n a l  engineer ing approach i n  which the  model of t h e  phenomenon 
i s  d r a s t i c a l l y  s i m p l i f i e d  t o  the  p o i n t  where only t h e  most important f a c t o r s  
a r e  r e t a ined .  With such a theory  t h e r e  i s  hope of ob ta in ing  i n s i g h t  i n t o  the  
b a s i c  causes of boom i n s t a b i l i t y  and i n t o  p o s s i b l e  means of prevent ing i t .  
Analysis of poss ib l e  thermal i n s t a b i l i t y  mechanisms have a l ready  been made by 
Yu ( r e f .  3 )  and Beam ( r e f .  4 ) .  The mechanisms i n  both cases were r e l a t i v e l y  
simple although they  d i f f e r e d  widely i n  concept.  Yu analyzed a s i t u a t i o n  i n  
which changes i n  thermal bending moments, due s o l e l y  t o  boom f l e x u r e ,  provide 

2 



t h e  mechanism f o r  conver t ing  h e a t  energy t o  mechanical energy. The type of 
boom cross  s e c t i o n  i n  t h i s  case  i s  no t  important .  One r e s u l t  of t h i s  theory 
i s  t h a t  t h e  g r e a t e s t  i n s t a b i l i t i e s  occur when t h e  a x i s  of t h e  boom l i e s  along 
t h e  d i r e c t i o n  of t h e  r a d i a t i o n .  In c o n t r a s t ,  Beam p resen t s  an a n a l y s i s ,  sup- 
por ted  by experiment,  of t h e  in f luence  of thermal to rques  on s t a b i l i t y .  An 
e s s e n t i a l  f e a t u r e  of t he  type  of boom t r e a t e d  is  t h a t  it has an open nonover- 
lapping c ross  s e c t i o n .  The g r e a t e s t  in f luence  of thermal torques must, of 
course,  occur when t h e  boom a x i s  i s  perpendicular  t o  t h e  d i r e c t i o n  of r ad ia -  
t i o n .  Beam discovered t h a t  booms could e x h i b i t  both i n s t a b i l i t y  and improved 
damping, depending on t h e  o r i e n t a t i o n  of t h e  boom s p l i t  r e l a t i v e  t o  t h e  
d i r e c t i o n  of r a d i a t i o n .  

The purpose of t h i s  r e p o r t  i s  t o  analyze y e t  another  mechanism f o r  t h e  
product ion of thermal i n s t a b i l i t y .  Consider a boom which, i n  i t s  unheated 
s t a t e ,  has  i t s  a x i s  normal t o  t h e  d i r e c t i o n  of r a d i a t i o n .  The s t a t i c  e q u i l i b -  
rium shape w i l l  g ene ra l ly  be such t h a t  t h e  boom i s  bent  away from t h e  r ad ia -  
t i o n  source.  A bent  boom has t h e  well-known s t r u c t u r a l  p roper ty  of coupled 
f l e x u r e  and t o r s i o n .  Thus a f o r c e  appl ied  t o  t h e  end of t h e  boom i n  a d i r ec -  
t i q n  perpendicular  t o  t h e  p lane  conta in ing  t h e  boom a x i s  w i l l  produce not  only 
bending bu t  a l s o  t w i s t i n g .  This  e f f e c t  i s  p a r t i c u l a r l y  marked f o r  a boom of 
low t o r s i o n a l  r i g i d i t y .  The boom t w i s t  produced by t h e  f o r c e  causes thermal 
bending moments t h a t  t end  t o  r e s t o r e  the  p lane  of bending back t o  i t s  o r i g i n a l  
d i r e c t i o n .  The a n a l y s i s  presented  he re  seeks t o  determine how boom s t a b i l i t y  
i s  inf luenced by bending moments due t o  t w i s t .  I t  i s  c l e a r  t h a t  t he  b a s i c  
phys ica l  mechanism descr ibed  above has many s imilar i t ies  t o  t h a t  underlying 
t h e  i n - f l i g h t  dynamic behavior  of an a i r p l a n e  wing. Once t h i s  analogy i s  
recognized it becomes e a s i e r  t o  understand how a thermal ly  bent  boom can 
e x h i b i t  i n s t a b i l i t i e s .  Since i n  a p r a c t i c a l  boom system employing an open 
c ross  s e c t i o n  thermal to rques  and thermal bending moments due t o  t w i s t  must 
coex i s t ,  t he  a n a l y s i s  of  t h i s  r e p o r t  may be regarded as complementary t o  t h a t  
of Beam i n  t h a t  any genera l  theory  of boom s t a b i l i t y  must conta in  e s s e n t i a l  
elements from both t h e o r i e s .  

The a n a l y t i c a l  approach adopted here  i s  based on t h e  l i n e a r i z e d  a n a l y s i s  
of what i s  probably t h e  s imples t  conceivable  boom system. One major s impl i fy-  
ing c h a r a c t e r i s t i c  of t h i s  system is  der ived  from t h e  assumption t h a t  t h e  
c ros s  s e c t i o n  provides  a continuous conduction hea t  p a t h .  The c ross  s e c t i o n  
i s  t h e r e f o r e  thermally seamless (although not  n e c e s s a r i l y  s t r u c t u r a l l y  seam- 
l e s s ) ,  which g r e a t l y  s i m p l i f i e s  t h e  c a l c u l a t i o n  of t h e  thermal bending 
moments. A second major s impl i fy ing  c h a r a c t e r i s t i c  i s  der ived  from t h e  
assumption t h a t  t h e  e f f e c t i v e  mass of t h e  boom may be considered t o  be loca ted  
a t  t he  f r e e  end. This  assumption ensures  t h e  ex i s t ence  of a s i n g l e  mode of 
bending and a s i n g l e  mode of t w i s t .  A t h i r d  major s i m p l i f i c a t i o n  is  t h a t  
thermal torques a r e  n e g l i g i b l e .  This  assumption i s  s t r i c t l y  t r u e  only i f  t h e  
c ros s  s e c t i o n  i s  s t r u c t u r a l l y  seamless .  This  boom system i s  not  p a r t i c u l a r l y  
r ep resen ta t ive  of t h e  open overlapped c ross  s e c t i o n  booms used i n  space 
a p p l i c a t i o n s .  On t h e  o t h e r  hand, t h e  behavior of t h e  i d e a l i z e d  boom system 
can provide b a s i c  information r e l e v a n t  t o  an understanding of t h e  observed 
behavior  of  a c t u a l  boom systems. In p a r t i c u l a r ,  t he  a n a l y s i s  provides  an 
immediate answer t o  t h e  b a s i c  ques t ion  of  whether o r  no t  thermal bending 
moment i n s t a b i l i t i e s  are p o s s i b l e  with a boom having a s t r u c t u r a l l y  seamless 
c ros s  s e c t i o n .  
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The a n a l y s i s  i s  extended beyond t h a t  which would be r equ i r ed  t o  analyze 
t h e  s t a b i l i t y  o f  a s imple,  i n i t i a l l y  s t r a i g h t  boom. The in f luence  of small 
amounts o f  i n i t i a l  boom curva ture  (such as might be  introduced during manu- 
f a c t u r e )  i s  i n v e s t i g a t e d ,  along with t h e  p o s s i b i l i t y  o r  provid ing  s t a b i l i t y  by 
means of a s imple,  pas s ive ,  b a l l  damper loca t ed  a t  t h e  t i p  of t h e  boom. 

DERIVATION OF THE STABILITY POLYNOMIAL 

Four s t e p s  are r equ i r ed  t o  develop t h e  s t a b i l i t y  polynomial. The f irst  
s t e p  i s  t o  desc r ibe  geometr ica l ly  t h e  s t a t i c  equi l ibr ium shape of  t h e  boom i n  
terms of i t s  assumed i n i t i a l ,  unheated shape and t h e  bending due t o  thermal 
r a d i a t i o n .  This  s t a t i c  equi l ibr ium shape is  descr ibed  i n  terms o f  a r ad ius  of 
curva ture  and t h e  angle  between t h e  f i n a l  p lane  of  bending and some f i x e d  r e f -  
erence.  
i s  t o  e s t a b l i s h  a r e l a t i o n s h i p  between t h e  thermal bending moments and t h e  
angle  of  t w i s t  o f  t h e  boom. 
The t h i r d  s t e p  i s  t o  determine t h e  s t r u c t u r a l  p r o p e r t i e s  of t h e  boom. These 
t ake  t h e  form of  load -de f l ec t ion  r e l a t i o n s h i p s .  The loads a r e  assumed t o  be 
forces  a c t i n g  a t  t h e  boom t i p  i n  a d i r e c t i o n  normal t o  t h e  boom a x i s ,  a torque 
a c t i n g  along t h e  boom ax i s  a t  t h e  t i p ,  and an a r b i t r a r y  d i s t r i b u t i o n  of  bend- 
ing  moments a long t h e  boom a x i s .  
appendix B.  

These v a r i a b l e s  appear i n  t h e  s t a b i l i t y  polynomial. The second s t e p  

The d e t a i l s  of t h i s  s t e p  a r e  given i n  appendix A. 

The appropr i a t e  equat ions are developed i n  
The f i n a l  s t e p  i s  t o  i d e n t i f y  t h e  loads a c t i n g  on t h e  boom i n  

terms o f  f o r c e  o f  i n e r t i a  of  t h e  t i p  
mass and t h e  thermal bending moments. 
Four l i n e a r  d i f f e r e n t i a l  equat ions 
r e s u l t  whose c h a r a c t e r i s t i c  polynomial 
de f ines  t h e  s t a b i l i t y  of t h e  boom 
system. 

Plane parallel to 

P r i n c i p a l  Assumptions 

The boom system t o  be analyzed and 
t h e  primary coord ina te  r e fe rence  system 
i s  shown i n  f i g u r e  1. A p r e c i s e  
d e f i n i t i o n  of  t h i s  coord ina te  system i s  
given i n  t h e  Nomenclature. 

The fol lowing p r i n c i p a l  assump- 
t i o n s  are made about t h e  c h a r a c t e r i s t i c s  
of  t h e  boom. 

thermal equlllbrlum 

yy: View along negative k Q  x b  ax is  ) 1. In  the  absence o f  any r ad ia -  
t i o n  t h e  c e n t r o i d a l  ax i s  of  t h e  boom 
has a cons tan t  r ad ius  of  curva ture  Ro 
along t h e  length of  t h e  boom. Further- 
more, t h e  curva ture  vec to r  a t  any po in t  w on t h e  boom ax i s  l i e s  i n  a p lane  whose 

Figure 1.- Boom system (primary coord ina tes  and makes an ' to the yo' 
geometry of deformation).  a x i s  (see f i g .  1 ) .  
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2.  The i n i t i a l  r ad ius  o f  curva ture  Ro and t h e  thermally induced 
r ad ius  o f  curva ture  Rs a r e  both  l a r g e  compared with t h e  boom length  L .  

3.  The boom cross  s e c t i o n  is  c i r c u l a r ,  thin-wal led,  thermally seamless, 
and cons tan t  along t h e  length .  
a r e a  a r e  equal.  

I n  add i t ion ,  t h e  p r i n c i p a l  second moments of 

4. Warping o f  t h e  boom c ross  s e c t i o n  i s  r e s t r a i n e d  a t  t h e  roo t .  

5. The e n t i r e  mass o f  t h e  boom system i s  loca ted  a t  t h e  free end. In  
p r a c t i c e  t h i s  means t h a t  t h e  t i p  mass o f  t h e  boom is  l a r g e  compared wi th  t h e  
mass of  t h e  boom i t s e l f .  

6 .  Boom bending does not  s u b s t a n t i a l l y  change t h e  o r i e n t a t i o n  o f  t h e  
boom r e l a t i v e  t o  t h e  d i r e c t i o n  of r a d i a t i o n  and, t h e r e f o r e ,  has no in f luence  
on thermal bending moments. This assumption p laces  some r e s t r i c t i o n s  on t h e  
magnitude of  t h e  angle  6 between the  yo' a x i s  and t h e  d i r e c t i o n  of  t h e  
r adi  a t  i on. 

7. The cen t ro ida l  and shea r  axes of t h e  boom coinc ide .  

8.  Thermal torques a r e  n e g l i g i b l e .  

Several  o t h e r  s p e c i a l  assumptions of a l e s s  fundamental na tu re  a r e  
introduced and def ined  as they are r equ i r ed  i n  the  .ana lys i s .  

Geometry of  t h e  Equilibrium S t a t e  

The s t a t i c  equi l ibr ium shape of  t h e  boom r e s u l t s  from t h e  combined 
e f f e c t s  o f  i t s  i n i t i a l  shape and a thermally induced bending moment. I t  
follows from equat ions (A29) t h a t  t h e  thermally induced bending moment i s  con- 
s t a n t  along t h e  boom a x i s  and a c t s  about t h e  z o l  a x i s .  Simple bending 
theory shows t h a t  t h e  thermal ly  induced equi l ibr ium radius  of curva ture  Rs 
i s  cons tan t  a long t h e  length  and t h e  corresponding con t r ibu t ion  t o  t h e  t o t a l  
curva ture  vec to r  l i e s  i n  t h e  xo lyo '  plane.  I t  follows t h a t ,  t o  a f i r s t  
approximation, t h e  s t a t i c  equi l ibr ium shape r e s u l t i n g  from t h e  combined 
e f f e c t s  o f  i n i t i a l  and thermally induced curva tures  i s  p l ana r .  This i s  
because f o r  a l l  p o i n t s  a long t h e  boom t h e  t r i a n g l e s  
a r e  s imilar .  In  fact ,  a t  any p o i n t  x along t h e  boom OP 2 x2/2R0, 
PQ 2 x2/2Rs, OQ z x2/2R, where 
equi l ibr ium shape, and Ro 
The geometry shown i n  f i g u r e  1 then  y i e l d s  t h e  fol lowing expressions from 
which t h e  r ad ius  of  curva ture  R and t h e  angle  a, between t h e  normal t o  t h e  
p lane  of  t h e  boom and t h e  

OPQ, shown i n  f i g u r e  1, 

R i s  t h e  rad ius  of  curva ture  of  t h e  s t a t i c  
is t h e  r ad ius  of curva ture  of  t h e  i n i t i a l  shape. 

yo1 a x i s  may be obtained.  

1 -  1 1 2 s i n  6 
---+--I- 

R 2  Ro2 RS2 RORS 
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s i n  c1 1 s i n  6 ___ = - + -  
R RS RO 

Thermal Bending Moments and Boom Def lec t ion  Equations 

Suppose now t h a t  t h e  boom system i s  d e f l e c t e d  from i t s  equi l ibr ium by 
forces  Fy( t )  and F Z ( t )  and a torque T ( t )  (see f i g .  2 ) .  By assumption (6) 

t h e  t r a n s l a t i o n a l  d e f l e c t i o n s  y and z 
cause no changes i n  t h e  thermal bending 
moments. On t h e  o t h e r  hand it i s  shown 
i n  appendix A t h a t  a t w i s t  d e f l e c t i o n  $ 
does produce changes i n  t h e  thermal 
bending moments. I t  i s  shown i n  appen- 
d i x  A t h a t  for small angles  o f  t w i s t ,  
t h e  equi l ibr ium thermal bending moment 
M Z l l  (a) remains cons tan t  i n  magnitude. 
However, i f  i t  i s  assumed t h a t  t h e  
d i r e c t i o n  o f  t h e  
with t h e  c ross  s e c t i o n ,  then  an addi-  
t i o n a l  thermal bending moment 
AM , ( x , t )  whose magnitude is  given by 
equat ion  (A37) a c t s  i n  t h e  d i r e c t i o n  o f  
t h e  y '  a x i s .  Thus, 

d AMy' ( x , t )  

d t  

MZ,,(a) moment r o t a t e s  

Y 

+ AMyl ( x , t >  = AMzlr ( a > $ ( x , t >  
Fy(t)  

Figure  2.- Boom system (forces and torques) .  (3) 

and from equat ions (A29) and (A15) 

JsasecE.rrr2 cos B 
2p ch M z l l  = 

40 ET, K x =  + -  
hP C p cr2 (5) 

where B 
yo' a x i s  (see f i g .  1 ) .  (Note: s i n c e  thermal bending moments a r e  a s soc ia t ed  
only with the  f i r s t  thermal mode, t h e  s u b s c r i p t  may be de l e t ed  from 

Equation (3) may be w r i t t e n  i n  the  fol lowing form 

is  t h e  angle  between t h e  d i r e c t i o n  of r a d i a t i o n  and t h e  nega t ive  

11.) 
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where 

Since 
c ross  s e c t i o n ,  it fol lows t h a t  i t s  e n t i r e  e f f e c t  i s  equiva len t  t o  a permanent 
bend i n  t h e  boom. The r ad ius  of  curva ture  of  t h e  bend,as given by t h e  
Bernoul l i -Euler  bending theory, i s  

M ,,(m) remains cons tan t  i n  magnitude and i t s  d- rec t ion  r o t a t e s  with t h e  
2 

With 
a c t i n g  on t h e  boom i s  AMy,  ( x , t ) .  
assumed t o  be n e g l i g i b l e ,  t h e  load  system a c t i n g  on t h e  boom i s  as shown i n  
f i g u r e  2 .  
r e s u l t s  of appendix B .  I t  fol lows from f i g u r e  2 t h a t  

MZ,,(m) rep laced  by t h i s  permanent bend, t h e  only thermal bending moment 
Since by assumption (8) thermal torques are 

The d e f l e c t i o n s  of t h e  boom may be obta ined  d i r e c t l y  from t h e  

E 1  AMb(x,t) = -AM , (x,t)cOs ct = - - q(X,t)COS ct 
Y RS 

Y RS 

E 1  AMn(x,t) = AM , ( x , t ) s i n  ct = - n ( x , t ) s i n  ct 

Incorpora t ing  t h e  above r e l a t i o n s h i p s  i n t o  equat ions (B34), (B35), and (B22) 
gives  t h e  fol lowing expressions f o r  y ( L , t ) ,  z ( L , t ) ,  and $ ( L , t ) :  

where 

Fz( t )L3 [fli(L) - L] + T(t)Lf2(kL) + N(L, t ) s in  ct 

E 1  C RRS 
$ ( L , t )  = 3R 

r l (x , t ) s in  (F) dx 6” N(L,t) = R (13) 
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I .6 I T I I I I I I I  and graphs o f  t h e  func t ions  f l ( k L ) ,  
f ~ ( k L ) ,  and fg(kL) are given i n  
f i g u r e  3.  

---___ 
Equation (6) i s  now m u l t i p l i e d  by 

Unrestrained (TWU) R s i n [ ( L  - x)/R] and i n t e g r a t e d  with 
r e spec t  t o  x over  t h e  i n t e r v a l  
0 5 x 1. L. The r e s u l t  i s  

dN(L’t) d t  
L 

+ XN(L,t) = XRJ $(x,t)sin(.)dx 
(14) 

I I I I I I I  
0 I 2 3 4 5 6 7 8 9 1 0  

kL 

Figure 3 . -  Variat ion of f l ( k L ) ,  f Z ( k L ) ,  f 3 ( k L ) ,  I t  has been shown i n  appendix C 
t h a t  over  any i n t e r v a l  of  time s t a r t i n g  and f s ( k L ) .  

a t  zero t h e  maximum angle  o f  t w i s t  due t o  thermal bending moments a lone i s  
l e s s  than t h e  maximum t o t a l  angle  o f  t w i s t  mu l t ip l i ed  by (x2/2RRs)sin a. 
Since,  by assumption (2) ,  (x2/2RRs) << 1, i t  fol lows t h a t  angle  of t w i s t  due 
t o  thermal bending moments may be neglec ted  without  much l o s s  of accuracy. 
Thus t h e  l a s t  term of  equat ion (12) may be d e l e t e d  along with t h e  last  term of  
equat ion (B21). This  s i m p l i f i c a t i o n  of  equat ion (B21) permits  t h e  i n t e g r a l  
expression i n  equat ion (14) t o  be eva lua ted  e x p l i c i t l y .  Thus, t h e  i n t e g r a l  
can be w r i t t e n  i n  t h e  form 

where $ ( x , t )  and $B(x, t )  a r e  def ined  i n  appendix B. Therefore  by 
equat ions (B31) and (B32), equat ion (15) becomes T 

L Fz( t )L5f3(kL) T( t )L3f ,  (kL) + R l  L $ B ( x y t ) s i n ( y )  dx 
6C + R 1 $ ( x , t ) s i n ( - )  d x =  20RC 

S u b s t i t u t i n g  f o r  
fol lowing f i n a l  form o f  equat ion (14) 

q B ( x Y t )  from equat ion (B21) i n t o  equat ion (16) gives  t h e  

Equations ( l o ) ,  ( l l ) ,  (12),  and (17) a r e  t h e  f i n a l  complete s e t  of boom 
d e f l e c t i o n  equat ions.  
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The C h a r a c t e r i s t i c  S t a b i l i t y  Polynomial 

If t h e  boom system has no e x t e r n a l  forces  a c t i n g  on i t ,  t h e  forces  Fy( t ) ,  
F Z ( t )  and torque  T ( t )  are due e n t i r e l y  t o  mass-accelerat ions and i n t e r n a l  
s t r u c t u r a l  damping and may be represented  as fol lows:  

d2z (L, t )  D -L dz(L t )  
z d t  F Z ( t )  = -mT 

d t 2  

where 

mT t i p  mass 

I 

D Y Y D Z , D 9  e f f e c t i v e  s t r u c t u r a l  damping - f o r  t r a n s l a t i o n  along b (L) and n(L) 

t i p  i n e r t i a  about t h e  boom ax i s  
- 

$ 

and r o t a t i o n  about t ( L ) ,  r e s p e c t i v e l y  

Equations ( l o ) ,  ( l l ) ,  ( 1 2 ) ,  (17),  (18),  (19),  and (20) form t h e  complete s e t  
of  l i n e a r i z e d  dynamical equat ions from which F ( t ) ,  F z ( t ) ,  and T ( t )  may be  
e l imina ted  t o  y i e l d  f o u r  equat ions i n  the  v a r i a g l e s  y ( L , t ) ,  z ( L , t ) ,  $ ( L , t ) ,  
and N(L, t ) .  These equat ions desc r ibe  t h e  motion of  t h e  boom system under t h e  
s o l e  in f luence  o f  t h e  the rmoe las t i c  e f f e c t s  due t o  thermal r a d i a t i o n .  The 
c h a r a c t e r i s t i c  polynomial i s  given below i n  determinant form where the  symbol 
llsll i s  used t o  denote t h e  Laplace t ransform v a r i a b l e .  The columns of t h e  
determinant correspond t o  t h e  v a r i a b l e s  y ( L , t ) ,  z ( L , t ) ,  $ ( L , t ) ,  and N(L, t ) ,  
r e s p e c t i v e l y .  The f i r s t  two rows correspond t o  t h e  y and z t r a n s l a t i o n a l  
equat ions of  motion of  t h e  t i p ,  t h e  t h i r d  row t o  t h e  r o t a t i o n a l  equat ion of  
motion of  t h e  t i p  about t he  boom ax i s  and t h e  fou r th  row t o  t h e  dynamic r e l a -  
t i o n s h i p  between thermal bending moments and angle  of  t w i s t .  

0 0 
cos x--l a 

(mTs2  + D , s ) ( & +  L5 [T -& ] ]+  f j ( k L )  1 ( I $ ’ +  D $ s ) [ ~ -  1 E I ]  L’ 3 R  I 
= o  

L3 
( q s 2  + D , s ) [ W  - A] -jii ( Iys2  + D , p )  ++ L f  k L )  1 
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One s o l u t i o n  of  equat ion (21) i s  

( m p 2  + D S )  = o  Y 

This i s  a damped mode o f  o s c i l l a t i o n  f o r  any p o s i t i v e  values  o f  I t  
cannot e x h i b i t  i n s t a b i l i t y  and i s  t h e r e f o r e  no t  considered f u r t h e r .  The 
s t a b i l i t y  of  t h e  remaining modes o f  motion i s  given by t h e  remaining s o l u t i o n s  
of  equat ion (21):  

Dy. 

ANALYSIS OF THE STABILITY POLYNOMIAL 

In  t h i s  s e c t i o n  t h e  s t a b i l i t y  polynomial, given by equat ion (23) ,  i s  
analyzed t o  ob ta in  t h e  maximum degree of  i n s t a b i l i t y  and condi t ions  f o r  s t a -  
b i l i t y .  Two types o f  boom cross  s e c t i o n  a r e  considered.  The f i r s t  i s  t h e  
s t r u c t u r a l l y  seamless c ros s  s e c t i o n  which has  t h e  important c h a r a c t e r i s t i c  
t h a t  t h e  t o r s i o n a l  and f l e x u r a l  r i g i d i t i e s  are of  t h e  same o rde r  of  magnitude. 
The r a t i o  of t h e  two i s  given by t h e  express ion  

C 1 
E 1  l + v  
- = -  

where v i s  Poisson ' s  r a t i o .  For most materials Poisson ' s  r a t i o  i s  c lose  t o  
1 / 3  and, when s p e c i f i c  numerical r e s u l t s  a r e  given,  t h i s  i s  t h e  value t h a t  
w i l l  be assumed. 
type  used i n  most space app l i ca t ions .  The important  s t r u c t u r a l  c h a r a c t e r i s t i c  
o f  t h i s  c ross  s e c t i o n  i s  t h a t  t h e  t o r s i o n a l  s t i f f n e s s  i s  much sma l l e r  than  the  
bending s t i f f n e s s .  This may be expressed i n  t h e  form 

The second cross  s e c t i o n  considered i s  t h e  open overlapped 

C - << 1 
E 1  

System S t a b i l i t y  i n  the  Absence of  S t r u c t u r a l  Damping 

When D$ = D z  = 0 ,  equat ion (23) can be w r i t t e n  i n  t h e  form 

10 



I s 2 D  1 
$ 

m T s 2 A ,  + 1 

m T S  2 D  I ~ S ~ F  + 1 0 

mTs2BX I + S ~ G X  s + x  

where 

= o  

F = A L  - f2(kL) 
C 

A L 3 f  l (kL)s in  a 
6RsC 

G = =~ 

Equation ( 2 6 ) ,  i n  i t s  expanded form, i s  

s 5 m ~ I q ( A F  - D2) + s4mTI, , ,X[D(G - D) + F ( A  - B ) ]  

+ S 3 ( m ~ A  + I + F )  + s 2 X [ m T ( A  - B) + I F]  + S + 1 = 0 (32) + 
I t  i s  shown i n  r e fe rence  5 t h a t  any f i f t h - o r d e r  polynomial 

aos5 + a l s 4  + a2s3 + a3s2 + a4s + a5 = o 

has s t a b l e  r o o t s  i f  and only if a l l  t h e  c o e f f i c i e n t s  are t h e  same s i g n  and t h e  
fol lowing two i n e q u a l i t i e s  a r e  a l s o  s a t i s f i e d  s imultaneously 

I t  fol lows from equat ion  (32) t h a t  

11 



Therefore  when B > 0 

However, i f  cond i t ion  ( I) holds  then condi t ions  (33) cannot ..old s imul ta -  
neously.  Therefore  t h e  system i s  uns tab le .  I n  p a r t i c u l a r ,  f o r  i n i t i a l l y  
s t r a i g h t  booms o f  e i t h e r  seamless o r  open cross  s e c t i o n  B > 0. These 
i n i t i a l l y  s t r a i g h t  booms a r e  t h e r e f o r e  always uns tab le  i n  the  absence o f  
s t r u c t u r a l  damping. 

(34) 

Conditions Under Which I+ May Be Neglected 

Consider t h e  case  of  a boom not  under t h e  in f luence  o f  thermal r a d i a t i o n  
bu t  s t i l l  ben t  i n t o  a c i r c u l a r  a r c  o f  r ad ius  R.  The coupled f l e x u r a l -  
t o r s i o n a l  dynamical behavior  o f  t h i s  boom would be  descr ibed  by t h e  t r a n s l a -  
t i o n a l  equat ion o f  motion i n  t h e  z d i r e c t i o n  and t h e  r o t a t i o n a l  equat ion o f  
motion about t h e  boom axis .  Since hea t ing  i s  absent ,  t h e  v a r i a b l e  N and t h e  
thermal bending moment equat ion need no t  be  included.  The frequencies  of  t h e  
n a t u r a l  undamped modes of  v i b r a t i o n  (D, = DJ, = 0)  are t h e r e f o r e  given by t h e  
f i r s t  two rows and columns of  t h e  determinant  i n  equat ion (26); 

Equation (35) may be  expanded i n t o  t h e  form 

mTIJ,(AF - D2)s4 + (I@F + mTA)s2 + 1 = 0 (36) 

I f  Ii i s  t o  have an i n s i g n i f i c a n t  e f f e c t  on t h e  frequency o f  t h e  mode 
a s soc ia t ed  with mT and which, i n  an unbent boom, would be  t h e  f l e x u r a l  mode, 
t h e  polynomial m A s 2  + 1 must be an approximate f a c t o r  o f  equat ion (35). I t  
can be  shown, by S iv id ing  equat ion (36) by mTAs2 + 1, t h a t  t h i s  i s  t r u e  i f  
and only i f  

- IVJ ($<< 1 
mT 

A good working r u l e ,  t h e r e f o r e ,  might be t h a t  I has very l i t t l e  in f luence  
on t h e  f l e x u r a l  frequency i f  J, 
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I f  p Q  
then  i n e q u a l i t y  (37) can be  w r i t t e n  i n  the  form 

i s  t h e  r ad ius  o f  gy ra t ion  o f  t h e  t i p  mass about t h e  ax i s  o f  t h e  boom, 

I t  w i l l  be  demonstrated, i n  t h e  seque l ,  t h a t  t h e  in f luence  o f  thermal r ad ia -  
t i o n  is  t o  produce an uns t ab le  mode with a frequency c lose  t G  t h a t  given by 
mTAs2 + 1 = 0. 
w i l l  not have a g r e a t  i n f luence  on t h e  frequency of t h i s  uns t ab le  mode. There- 
f o r e  i n e q u a l i t y  (38),  which i n d i c a t e s  when 
s t r u c t u r a l  mode o f  frequency 
when 
possess ing  some s t r u c t u r a l  damping. 

I t  i s  a l s o  c l e a r  t h a t  reasonable  amounts of s t r u c t u r a l  damping 

does not  i n f luence  t h e  n a t u r a l  I+ m, should a l s o  g ive  a rough i n d i c a t i o n  of 

I+  does not  i n f luence  t h e  thermally induced i n s t a b i l i t y  o f  a boom 

For a boom with a s t r u c t u r a l l y  seamless c ross  s e c t i o n  k = m, s o  t h a t  
f l  (kL) = f2(kL) = f3(kL) = 1, and t h e  expressions f o r  A and D given by 
equations (27) and (29) become (with v = 1/3) 

L 3  D = - -  
9REI 

Inequa l i ty  (38) then  becomes 

p < - -  ( 3 9 )  

Most booms have a va lue  of R g r e a t e r  than  100 m s o  t h a t  i t  i s  c l e a r  from 
i n e q u a l i t y  (39) t h a t ,  f o r  most p r a c t i c a l  boom systems employing s t r u c t u r a l l y  
seamless c ross  s e c t i o n s ,  t h e  t i p  i n e r t i a  
boom dynamics. I $  

w i l l  have a n e g l i g i b l e  e f f e c t  on 

For a boom with an open c ross  s e c t i o n ,  A and D become 

A = -  L 3  + L5f3(kL) 
3E I 20R2C 

L 3 f l  (kL) 
6 RC D =  

Inequa l i ty  (38) then  becomes 
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L 3  + L5f3(kL) 
1 3 E I  20R2C 

P < -  ' - fi L3fl(kL) 
6 RC 

The requirements on given by i n e q u a l i t y  (40) are most s t r i n g e n t  when 
c + 0. Also t h e  rati;' f3(kL)/f l (kL) i s  c l o s e  t o  u n i t y  f o r  most booms. Thus 
I$ 
i f  

cannot i n f luence  t h e  dynamics of  booms with open cross  s e c t i o n  (C/EI << 1)  

< - - - -  3 L 2  - L 2  
R 10R % - 1 0 m  

I t  can be seen  by comparing i n e q u a l i t i e s  (39) and (41) t h a t  t h e  l i m i t i n g  va lue  
of p +  
boom with a seamless c ross  s e c t i o n .  In  fac t ,  t h e  r a t i o  o f  t h e  two is  
(1/10)(L/R)2. Even though t h e  l imi t ing  va lue  o f  p i n d i c a t e d  by inequal -  
i t y  (41) can be q u i t e  low, i t  has  never  been exceeded i n  boom systems used f o r  
space app l i ca t ions .  Consequently, f o r  t he  remainder of t h e  a n a l y t i c a l  t r e a t -  
ment given i n  t h i s  r e p o r t  it i s  assumed t h a t  I t  is conceivable,  
however, t h a t  f u t u r e  boom systems may employ t i p  masses with r o t a t i o n a l  
i n e r t i a s  l a r g e  enough t o  inf luence  t h e  boom dynamics. In  t h e s e  cases the  
complete polynomial,  given by equat ion (23) , must be used i n  eva lua t ing  the  
s t ab i 1 i t y . 

f o r  a boom with an open cross  s e c t i o n  i s  much l e s s  than  t h a t  f o r  a 

4J 

I+ = 0 .  

The Inf luence  of F lexura l  Damping D, 

Some o f  t he  impl ica t ions  of  equat ion (23) can be b e s t  understood by a 
s tudy  o f  t h e  system wi th  no r o t a t i o n a l  i n e r t i a  o r  r o t a t i o n a l  damping. 
I+  = D+ = 0 

With 
equat ion (23) reduces t o  

mTAs3 + [D,A + mTA(A - B ) ] s 2  + [l  + D,A(A - B ) ] s  + X = 0 (42) 

For a seamless c ross  s e c t i o n ,  equat ion (24) and 
t i o n s  (27) and (28) t o  be s i m p l i f i e d :  

L 2 / R 2  <<  1, permit equa- 

L 3  A=---- 
3E I 

(1 + 3 v ) ~ ~  s i n  cx 
GOEIRR, B =  f 3 W )  = 1 

(43) 

(44 1 

For a s p l i t  c ros s  s e c t i o n  using i n e q u a l i t y  (25),  t h e  corresponding 
expressions a r e  
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L 3  L5f3(kL) 
3E1 20CR2 

A = -  + -  (45) 

L5f3(kL)sin c1 B =  20CRRs (46) 

From the  p o i n t s  o f  view o f  both ana lys i s  and p resen ta t ion  of  computational 
r e s u l t s ,  a more convenient form o f  equat ion (42) i s  obta ined  by express ing  it  
i n  terms o f  t he  fol lowing se t  o f  dimensionless parameters :  

B 
A x i -  

I t  should be noted t h a t  
l a r  frequency JmT(A - B ) .  Normally the  f l e x u r a l  damping f a c t o r  5,' i s  
based on the  n a t u r a l  undamped c i r c u l a r  frequency i n  f l e x u r e  dmTL3/3EI. 
conversion from one t o  t h e  o t h e r  i s  t h e r e f o r e  

5 ,  i s  t h e  f l e x u r a l  damping f a c t o r  based on a c i r c u -  

The 

- J L 3  
- 'Z 3EI(A - B) 

The dimensionless form of  equat ion (42) corresponding t o  t h e  dimensionless 
parameters def ined  above i s  

3 
~ S" + -  (12!zx + A*)S* 2 + (1 + 2A*GZ)S* + A *  = 0 1 - x  

I t  i s  shown i n  re ference  5 t h a t  any cubic  equat ion 

a O s 3  + als2 + a2s + a3 = o 

has s t a b l e  roo t s  i f  and only i f  a l l  t h e  c o e f f i c i e n t s  have t h e  same s i g n  and 

ala2 ' aOa3 (52)  

Inequa l i ty  ( 5 2 )  w r i t t e n  i n  terms of  t h e  c o e f f i c i e n t s  of  equat ion (51) becomes 
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2 + - 5 ,  [1  + x* 2 (1  - X)] - - >  X 0 5 ,  2x* 4 (53) 

I f  no s t r u c t u r a l  damping i s  present  ( G ~  = 0)  t h e  s t a b i l i t y  c r i t e r i a  can be 
s a t i s f i e d  i f  and only i f  X < 0.  I t  follows from t h e  d e f i n i t i o n  of X t h a t  
t h i s  condi t ion  i s  equiva len t  t o  s i n  CY. 4 0 o r  0 > CY. > -TI. Therefore  s t a b i l -  
i t y  o r  i n s t a b i l i t y  w i l l  p r e v a i l  according t o  whether o r  no t  t h e  boom, i n  
s t a t i c  equi l ibr ium,  and t h e  r a d i a t i o n  source are both on the  same s i d e  of  a 
plane pass ing  through t h e  boom roo t  perpendicular  t o  t h e  d i r e c t i o n  o f  r ad ia -  
t i o n .  This condi t ion  f o r  s t a b i l i t y  may be i n t e r p r e t e d  i n  terms of a r e l a t i o n -  
s h i p  between t h e  d i r e c t i o n  and magnitude of  t h e  i n i t i a l  curva ture  and t h e  
thermally induced curva ture .  Thus, from equat ion ( 2 )  , i f  ( s i n  6/Ro) < - (l /Rs) 
t he  boom w i l l  be  s t a b l e  and i f  ( s in  6 / R o )  > - ( l /Rs)  t h e  boom w i l l  be uns tab le .  
In  p a r t i c u l a r ,  i f  t h e  boom i s  i n i t i a l l y  s t r a i g h t ,  then  (l/Ro) = 0 ,  and it  i s  
always uns tab le .  The i n s t a b i l i t y  can occur i n  two forms, depending on t h e  
value o f  X .  This can be seen more c l e a r l y  i f  equat ion ( S l ) ,  w i t h  5, = 0 ,  i s  
expressed i n  t h e  s tandard  r o o t  locus form 

2 
1 + [X*(l - X ) ]  ( s*  L 1 L  = 0 

s* ( s*2  + 1 - X) 

i n  which X * ( l  - X )  i s  t h e  gain f a c t o r .  

The roo t  locus f o r  0 < X < 1 d i f f e r s  from t h a t  f o r  1 < X < - as can 
be  seen from f i g u r e  4 .  Thus when 0 < X < 1 t h e  i n s t a b i l i t y  i s  always an 

Imaginary Imaginary o s c i l l a t o r y  divergence; whereas when 
1 < X < - t h e  i n s t a b i l i t y  may be a pure 
divergence of t h e  type a s soc ia t ed  with 
s t a t  i c i n s t ab i 1 i t y . - - 

Real I t  fol lows from equat ions (43)  and 
(44) t h a t  t h e  va lue  o f  X f o r  a boom 
with a seamless c ros s  s e c t i o n  can never 
exceed [ (1 + 3v)L2 s i n  a]/20RRs, which 
i s  small  compared with un i ty .  For such 
a boom, t h e r e f o r e ,  any i n s t a b i l i t y  must 
always be of  t h e  o s c i l l a t o r y  o r  f l u t t e r  
type.  This  same s ta tement ,  however, 

cannot be made f o r  booms of open cross  s e c t i o n .  In  t h i s  case i t  follows from 
equat ions (45) and (46) t h a t  

3 Rea l  4 
(a) 0 < X < 1 (b)  1 < X < - 

Figure  4 . -  Root Loci f o r  X > 0 .  

3 E 1  L2f3(kL)sin I . c1 - 
20 c _ -  

.~ RRS _. x =  (54) 

I f  1 / R 2  and s i n  a / R ,  given by equat ions (1) and ( 2 ) ,  r e s p e c t i v e l y ,  a r e  sub- 
s t i t u t e d  i n t o  equat ion (54) ,  t h e r e  r e s u l t s  an express ion  f o r  X i n  terms of  
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Ro and 6 .  The maximum value  o f  X with respec t  t o  Ro and 6 i s  given by 

1 / 3 E - I L z f  3 (kL) 
20c 

x = -  
RS 

This maximum occurs  when 6 = -n/2 and 

C l e a r l y ,  t h e r e f o r e ,  as E I / C  + a, X + a. However, from equat ion (54), i f  t h e  
values  o f  Ro and 6 s a t i s f y  t h e  i n e q u a l i t y  

1 - 20c 

then X < 1. This condi t ion  on Ro and 6 i s  no t  t oo  s t r i n g e n t  and, i n  
p a r t i c u l a r ,  holds  f o r  i n i t i a l l y  s t r a i g h t  booms. I t  i s  a n t i c i p a t e d  t h a t  most 
p r a c t i c a l  boom systems w i l l  s a t i s f y  t h e  above condi t ion  on Ro and 6 ,  which i s  
t h e r e f o r e  assumed t o  hold throughout t h e  remainder o f  t h i s  r e p o r t .  The r e p o r t  
i s  t h e r e f o r e  concerned only with t h e  o s c i l l a t o r y  i n s t a b i l i t i e s  assoc ia ted  with 
values  o f  X i n  t h e  i n t e r v a l  0 < X I 1. 

I t  i s  o f  i n t e r e s t  t o  know t h e  g r e a t e s t  degree o f  i n s t a b i l i t y  t h a t  can 
occur,  a s  measured by magnitude o f  t h e  rea l  p a r t  o f  t h e  divergent  r o o t s  o f  
equat ion (51).  The answer t o  t h i s  ques t ion  depends on which of  t h e  two v a r i -  
ab l e s  A * ,  X i s  maintained cons t an t .  Both cases, namely, v a r i a b l e  A *  a t  a 
f i x e d  X and v a r i a b l e  X a t  a f i x e d  A *  a r e  t r e a t e d  i n  appendix D .  When 
5 ,  = 0 and X i s  cons t an t ,  t h e  real  p a r t  o f  t h e  divergent  r o o t  has  a maximum 
value  given by 

X 
4 

p* = - 

and t h i s  occurs a t  a v a l u e  o f  A *  given by 

2 - x  A *  = 
2 ( 1  - X) 

with t h e  corresponding imaginary p a r t  o f  t h e  r o o t  given by 

(55) 
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These r e s u l t s  may be  expressed i n  dimensional form and s i m p l i f i e d  f o r  t h e  case 
o f  a boom wi th  a seamless c ross  s e c t i o n  by s u b s t i t u t i n g  f o r  
equat ions (43) and (44) and us ing  t h e  condi t ion  t h a t  X << 1. The r e s u l t s ,  i n  
dimensional form (see n o t a t i o n  f o r  d e f i n i t i o n  of p* and q*) ,  are 

A and B from 

~ ~ ( 1  + 3u)s in  c1 

P =  80RRs 

Equations (58) and (59) show t h a t  s i n c e  
t h e  d ivergent  mode i s  approximately equal t o  t h e  frequency of  t h e  f l e x u r a l  
mode of a s t r a i g h t  boom. The i n s t a b i l i t y  w i l l  t h e r e f o r e  appear t o  an observer  
as i f  t h e  boom were o s c i l l a t i n g  i n  both bending and t o r s i o n  a t  i t s  n a t u r a l  
bending frequency, and d iverg ing  as i f  i t  had a damping f a c t o r  equal t o  
[-L2(1 + 3v)s in  a ] / 8 0 R R s .  I f  l / R o  > l / R s  t h i s  q u a n t i t y  has a lower bound of  
[ - ( 1  + 3v)/40] (L2/Rs2). With v = 1 / 3  and L / R s  = 0.1 t h i s  lower bound has a 
va lue  o f  -0.0005. This i s  c l e a r l y  a mild divergence. The b a s i c  reason why 
booms with seamless c ross  s e c t i o n  can e x h i b i t  only a mild divergence i s  t h a t ,  
because t h e  t o r s i o n a l  and bending s t i f f n e s s e s  a r e  o f  t h e  same o r d e r  of  magni- 
tude ,  X = B/A i s  always small. This i s  not  t h e  case when t h e  t o r s i o n a l  
s t i f f n e s s  i s  low compared with t h e  bending s t i f f n e s s ,  as f o r  a boom o f  open 
cross  s e c t i o n .  Thus, f o r  example, equat ion (54) shows t h a t ,  f o r  an i n i t i a l l y  
s t r a i g h t  boom ( l / R o  = 0 ) ,  X -+ 1 as E I / C  -+ m. 

L 2  s i n  a / R R s  << 1 t h e  frequency of  

When 
f ixed  va lue  o f  A * ,  t h e  maximum value o f  t h e  r e a l  p a r t  o f  t h e  d ivergent  roo t  
i s  (eq. ( D 2 9 ) )  

5 ,  = 0,  i t  fol lows from the  r e s u l t s  o f  appendix D t h a t ,  f o r  a 

A *  p* = 
2 ( 1  + 2X*) 

and t h i s  occurs a t  a va lue  o f  X given by (eq. ( D 3 0 ) )  

wi th  t h e  corresponding imaginary p a r t  o f  t h e  r o o t  given by (eq. ( D 3 2 )  us ing 
eqs.  (60) and ( D 2 8 ) )  

X*(4 + 7A*) 
q* = Ll + 2X*)2 
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Eq (60)  a r e  given i n  f i g u r e  5. 

01 I I I l l  I 1 I l l  I I d o  
.I I I O  100 

A' 

.28 1 I I l l  1 I I l l  I I , I T  

.24 

.20 

- - 

Eq(61) - 

Eq(62) 

Figure 5.-  Var ia t ion  of maximum r e a l  p a r t  o f  
uns t ab le  root (p*) with A*.  

Graphs o f  equat ions (601, (611, and (62) 

I t  follows from equat ions (60),  . (61),  and (62) t h a t  p* a t t a i n s  i t s  

5 l i m i t  E -.6 x 

z 1 
-.4 G 

- . 2  : 

I .o 
n 

-.e maximum value when A *  + a. In the  

163) l i m  p* = - 4 
0- A*+ m 

0 

l i m  X = 1 
A*+ w 

l i m  q* = 
A*+ W 

For the  case o f  an i n i t i a l l y  s t r a i g h t  boom ( l / R o  = 0) t h e  corresponding 
l i m i t i n g  dimensional values  of  t h e  uns tab le  roo t s  a r e  

(64) 

I t  follows from equat ions (66) and (67) t h a t  

P ' 4  6- P ( 6 8 )  

where Jp2 + q 2  i s  the  c i r c u l a r  f r e -  
quency of  t he  uns tab le  o s c i l l a t i o n .  To 
an observer ,  t h e r e f o r e ,  a boom f o r  which 
X + 1 and A *  + w w i l l  appear t o  o s c i l -  
l a t e  i n  both bending and t o r s i o n  with a 
frequency t h a t  is  about 66 percent  of t h e  
n a t u r a l  bending frequency of  a s t r a i g h t  
boom. I t  w i l l  a l s o  appear t o  be diverg-  
ing  as  i f  i t  had a damping f a c t o r  equal  
t o  -Jzj4 o r  -0.354. 
r a p i d  divergence. Furthermore, i t  
remains severe  down t o  q u i t e  a small 
va lue  of  A * .  For example, it i s  shown 
i n  f i g u r e  5 t h a t  i f  A *  > 2 ,  then 

_I I IO 100 p* > 0 . 2 .  To complete t h e  survey o f  t h e  
i n s t a b i l i t i e s  shown by equat ion (51) t h e  
v a r i a t i o n  o f  p* with A *  f o r  var ious  
values  o f  X i s  shown i n  f i g u r e  6.  This 
graph shows t h e  two types o f  maxima f o r  

P *  

This i s  c l e a r l y  a 

x' 

Figure 6 . -  Var ia t ion  of r e a l  p a r t  of uns t ab le  
roo t  (p*),  wi th  A*,  f o r  var ious  va lues  
of  x. p* which have been d iscussed .  
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It is important  t o  no te  he re  t h a t  t h e  effect  of boom t i p  condi t ion  on 
s t a b i l i t y  i s  d i c t a t e d  by t h e  func t ion  f 3 ( k L )  ( see  eq. (54)) .  I t  fol lows from 
f i g u r e  3 t h a t ,  f o r  va lues  o f  kL g r e a t e r  than  about 2 ,  t h e  s t a b i l i t y  o f  a 
boom i s  independent of whether o r  no t  t h e  t i p  i s  r e s t r a i n e d  from warping. 

For a f i x e d  va lue  o f  X t h e  amount o f  f l e x u r a l  damping 5, r equ i r ed  t o  
s t a b i l i z e  t h e  boom f o r  a l l  values  o f  
i n  equat ion (D16). The r e s u l t  i s  

A* may b e  determined by s e t t i n g  p* = 0 

c z = - - -  2 2  lJi--X (69) 

and occurs at  t h e  fol lowing va lue  o f  A *  obta ined  by s u b s t i t u t i n g  equa- 
t i o n  (69) i n t o  equat ion (D17), 

with t h e  corresponding imaginary p a r t  of t h e  r o o t  given by 

q*2 = m 
Al te rna t ive ly ,  equat ions (69) and (70) may be obta ined  by d i f f e r e n t i a t i n g  
equat ion (53) wi th  r e spec t  t o  A *  and s e t t i n g  a C z / a A *  = 0. 

For a boom wi th  a seamless c ross  s e c t i o n  equat ions ( 6 9 ) ,  (70),  and (71) 
become, using equat ions (43) and (44 ) ,  

These r e s u l t s  compared with equat ions (58) and (59) 
damping r equ i r ed  t o  counter  t h e  boom i n s t a b i l i t y  i s  
t h e  e f f e c t i v e  nega t ive  damping f a c t o r  corresponding 
when t h e  boom has no s t r u c t u r a l  damping. The va lue  

show t h a t  t h e  s t r u c t u r a l  
equal t o  t h e  magnitude of 
t o  t h e  maximum i n s t a b i l i t y  
of  cz given by equa- 

t i o n  (72) i s  very small and w i l l  probably be exceeded by t h e  s t r u c t u r a l  damp- 
ing  present  i n  most p r a c t i c a l  boom systems employing seamless c ros s - sec t ion  
members. I t  i s ,  t he re fo re ,  un l ike ly  t h a t  i n s t a b i l i t y  w i l l  ever  be  observed i n  
t h e s e  types of  boom. 

The maximum s t r u c t u r a l  damping r equ i r ed  f o r  s t a b i l i t y  when A *  i s  
assumed cons tan t  occurs  when X = 1. This can be  shown from equat ions (D29) 
and (D30) of appendix D, from which it  a l s o  fol lows t h a t  
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(74) 
- -1 + L T i 7  

5 ,  - 4A* 

f o r  p* = 0. The corresponding va lue  f o r  
t h e  imaginary p a r t  o f  t h e  roo t  i s  
In  o t h e r  words t h e  o s c i l l a t i o n  i s  "dead 
bea t . "  The graph o f  equat ion (74) i s  
p l o t t e d  i n  f i g u r e  7 along with t h e  va r i a -  
t i o n  o f  5 ,  with  A* f o r  o t h e r  values  of  
X .  Since f o r  a boom with an open cross  

q* = 0.  

loo s e c t i o n  X can approach un i ty ,  it is  
X' c l e a r  t h a t  l a r g e  values  of  5 ,  may be 

Figure 7.- Minimum f l e x u r a l  damping (5,) r e q u i r e d  requi red .  In  p a r t i c u l a r ,  if A *  > 2 
then  5 ,  > 0.4.  The asymptotic va lue  of 

5 ,  f o r  X = 1 i s  0.5.  This  t h e r e f o r e  r ep resen t s  t h e  5 ,  which w i l l  s t a b i -  
l i z e  a boom with a c i r c u l a r  th in-wal l  c ross  s e c t i o n  i r r e s p e c t i v e  o f  t h e  mate- 
r i a l  i t  i s  made from, t h e  i n i t i a l  curva ture ,  o r  t h e  L/Rs  r a t i o .  I t  i s  
i n t e r e s t i n g  t o  note  t h a t  t h e  requi red  t o  s t a b i l i z e  t h e  worst case i n s t a -  
b i l i t i e s  i s  somewhat g r e a t e r  than  t h e  nega t ive  damping f a c t o r  of  t h e  
i n s t a b i l i t y  when 5, = 0. 

fo r  s t a b i l i t y .  

5 ,  

D$ The Inf luence  of Tors iona l  Damping 

I t  has been demonstrated i n  t h e  l a s t  s e c t i o n  t h a t  i t  i s  un l ike ly  t h a t  
i n s t a b i l i t i e s  o f  booms with seamless c ros s  s e c t i o n s  w i l l  ever  be observed. 
The fol lowing t r ea tmen t ,  t o  determine the  in f luence  of  t o r s i o n a l  damping, i s  
t h e r e f o r e  r e s t r i c t e d  t o  t h e  more uns tab le  open c ross - sec t ion  boom configura-  

and t h e  boom i s  i n i t i a l l y  s t r a i g h t  (l/Ro = 0 ) .  
(eq. (23)) then  reduces t o  

t i o n s  cha rac t e r i zed  by E I / C  >> 1. Consider t h e  case wherein D, = I q = o  
The s t a b i l i t y  polynomlal 

2 [" - SXofb(kL) ] + ( + 2 5 , , , ~ ~ * ) s ~ * ~  
9 $ 1 - x o  1 - xo 

+ ( A o *  + 25$)S0*2 + (25$A0* + l ) s o *  + lo* = 0 (75) 

where 

A,* = A / g  ( 7 8 )  

2 1  



so* = s p g  (79) 

Note t h a t  Xo, Xo*,  and so* a r e  t h e  values  of  X ,  A * ,  and s * ,  r e s p e c t i v e l y ,  
f o r  an i n i t i a l l y  s t r a i g h t  boom. The graph o f  f ~ + ( k L )  i s  given i n  f i g u r e  3 .  

I t  i s  shown i n  r e fe rence  5 t h a t  any fou r th -o rde r  polynomial 

a s 4  + a l s 3  + a2s2 + a3s + a4 = o 
0 

has s t a b l e  roo t s  i f  and only i f  a l l  t h e  c o e f f i c i e n t s  a r e  p o s i t i v e  and 

a3(a la2  - aga3) - a4aI2 > o (80  1 

In t h i s  i n s t ance  t h i s  condi t ion  reduces t o  

819 - 5 f ~ + ( k L ) ] X , * ~ < ~ ~  + 4[9 - 10f4(kL)]Xo*< J, 

This i n e q u a l i t y  de f ines  a s t a b i l i t y  boundary which d iv ides  t h e  Xo,  X o *  space 
i n t o  two reg ions .  These a r e  cha rac t e r i zed  by whether o r  n o t  t h e  s t a b i l i t y  
condi t ion  can be s a t i s f i e d  by a r e a l  p o s i t i v e  va lue  of 
condi t ion  can be s a t i s f i e d ,  then  t h e  system can be s t a b i l i z e d  by t o r s i o n a l  
damping; otherwise it cannot.  

<+. I f  t h e  s t a b i l i t y  

This s t a b i l i t y  boundary has been ca l cu la t ed  f o r  
5, -f4(kL) s e v e r a l  va lues  o f  f 4 ( k L )  and is  shown i n  _-- 

( Note. Boom is initially s t ra igh t )  f i g u r e  8 with t h e  values  of  < J I  along 
t h e  boundary. The cubic  equat ion i n  cJ, 

damping - def in ing  t h e  boundary has two equal r e a l  
- p o s i t i v e  roo t s  and one r e a l  nega t ive  roo t .  

In  t h e  l e f t  hand region of f i g u r e  8 t h e r e  
a r e  usua l ly  two r e a l  p o s i t i v e ,  b u t  
unequal,  r o o t s  and one negat ive r e a l  r o o t .  
The boom system can then  be s t a b i l i z e d  

i n t e r v a l  def ined  by t h e  two p o s i t i v e  

+ 

\ only f o r  values  of <,,, i n  t he  c losed  
LL 0 .I .2 .3 .4 .5 .6 .7 .0 .9 1.0 

Figure 8.- Values of Xo and A,* f o r  which t h e  r o o t s .  In  o t h e r  words, i f  t h e  t o r s i o n a l  
boom can be s t a b i l i z e d  by t o r s i o n a l  damping. damping i s  gradual ly  increased ,  t h e  boom 

system w i l l  become s t a b l e ,  bu t  a po in t  w i l l  be  reached when f u r t h e r  i nc rease  
of  t o r s i o n a l  damping w i l l  r e s u l t  i n  i n s t a b i l i t y .  In  t h e  r i g h t  hand region 
t h e r e  i s  always a r e a l  nega t ive  roo t  and a p a i r  o f  complex conjugate  roo t s .  
In  t h i s  reg ion ,  t h e r e f o r e ,  t o r s i o n a l  damping w i l l  never s t a b i l i z e  t h e  boom 
system. 

A', 
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I t  fol lows from f i g u r e  8 t h a t  boom systems cha rac t e r i zed  by values  of Xo 
c l o s e  t o  u n i t y  can only be  s t a b i l i z e d  by t o r s i o n a l  damping f o r  very low values  
o f  A,* (long thermal t i m e  cons t an t s ) .  I t  i s  c l e a r  t h a t ,  i n  genera l ,  t o r s i o n a l  
damping i s  l e s s  e f f e c t i v e  than  f l e x u r a l  damping. In f a c t ,  f i g u r e  7 shows t h a t  
t h e r e  i s  no region o f  t h e  X ,  A *  r eg ion  which cannot be s t a b i l i z e d  by f l e x u r a l  
damping. 

ANALYSIS OF THE EFFECTIVENESS OF A 
PASSIVE T I P  DAMPER 

One way t o  damp t h e  boom system and, t h e r e f o r e ,  poss ib ly  t o  s t a b i l i z e  i t  
i s  t o  inco rpora t e  a damping mechanism i n  t h e  end mass. A r e l a t i v e l y  simple 
scheme i s  t o  make t h e  end mass i n  t h e  form o f  a t h i n  c losed  s h e l l  conta in ing  a 
viscous f l u i d  and a b a l l .  A d i s turbance  of  t h e  boom system then  causes r e l a -  
t i v e  motion between t h e  s p h e r i c a l  s h e l l ,  a t t ached  r i g i d l y  t o  t h e  boom, and t h e  
b a l l  r e s i d i n g  i n s i d e .  The motion o f  t h e  b a l l  through t h e  f l u i d  then d i s s i p a t e s  
t h e  d is turbance  energy. Since t h e  b a l l  i s  f r e e  t o  both r o t a t e  and t r a n s l a t e ,  
t h e  damping scheme provides  both t o r s i o n a l  and flexiiz.al damping. However, i t  
has been shown t h a t  t o r s i o n a l  damping i s  not  p a r t i c u l a r l y  e f f e c t i v e  i n  s t a b i -  
l i z i n g  t h e  boom system. Therefore i n  t h i s  a n a l y s i s  i t  i s  asswned t h a t  t h e  
b a l l  motion i s  one o f  t r a n s l a t i o n  only and t h e  damping e f f e c t i v e l y  confined t o  
t h e  f l e x u r a l  mode. The a n a l y s i s  i s  f u r t h e r  s i m p l i f i e d  by assuming t h a t  
I+ = D+ = D, = 0 (where, it w i l l  be  r e c a l l e d ,  Dq, and Dz 
damping only)  and the  mass of t h e  damper f l u i d  i s  n e g l i g i b l e .  

r e f e r  t o  s t r u c t u r a l  

The equat ions of  motion o f  t h e  damper b a l l  along t h e  y and z ax i s  a r e  

where 

mass of  t h e  damper b a l l  

coord ina tes  of  t h e  c e n t e r  o f  mass of t h e  damper b a l l  measured 

md 

Yd( t ) ,Zd( t )  
from c e n t e r  o f  mass of  hollow con ta ine r  

K damping cons tan t  (a f o r c e  of K V  i s  r equ i r ed  t o  move t h e  
damper b a l l  through t h e  f l u i d  with v e l o c i t y  v) 

The boom a lone  ( l e s s  damper b a l l )  fo rce  equat ions as given by equat ions (18) 
and (19) must be  changed t o  inc lude  t h e  fo rces  exer ted  by t h e  damper b a l l .  
Thus they  become 
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dYd ( t )  
d t  F ( t )  = -ms 

Y d t 2  

where ms 
boom. 

i s  t h e  mass o f  t h e  damper s h e l l  f i x e d  r i g i d l y  t o  t h e  end o f  t h e  

Combining equat ions  (82) t o  (84) with equat ions ( l o ) ,  ( l l ) ,  (12),  and 
(17) gives  t h e  c h a r a c t e r i s t i c  polynomial which, l i k e  equat ion (21), has two 
f a c t o r s .  A s  before  one of  t h e s e  i s  damped and need not  be considered f u r t h e r .  
The o t h e r  f a c t o r  i s  

1 0 

0 s + i  f 3 ( k L )  _1_ L"h 
.Kg [T 3 E I I  m 

0 0 m,,s + K 

I f  P ( s ,  m,) i s  t h e  polynomial i n  s formed from t h e  f i r s t  t h r e e  rows 
and t h r e e  columns o f  t h e  above determinant ,  then  i t  fol lows t h a t  equat ion (85) 
can be expressed i n  t h e  form 

I t  should be noted t h a t  P(s,ms) i s  i d e n t i c a l  t o  t he  l e f t  hand s i d e  o f  equa- 
t i o n  (42) when mT i s  rep laced  by ms and Dz se t  equal t o  zero.  Equa- 
t i o n  (86) can t h e r e f o r e  be w r i t t e n  i n  t h e  form 

+ K[(mS + md)AS3 + (ms + md)A(A - B ) S 2  + S + A] = 0 (87) 

I t  i s  convenient a t  t h i s  s t a g e  t o  wri te  t h i s  equat ion  i n  terms o f  t h e  
dimensionless parameters given by d e f i n i t i o n s  (47) , (48) , and (50) (where 
mT = md + ms) p lus  those  def ined as fo l lows:  

md 
mT 

md* ! - 
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Equation (87) then  becomes 

o r  

+ -1s. K *  3 
(l 1 - x  - md*) s*4 + [ ( I  - md*)h* 1 - x  

Since by d e f i n i t i o n  1 - m * > 0 ,  1 - X 2 0 ,  and IC* 2 0,  t h e  c o e f f i c i e n t s  o f  
equat ion (91) are always p o s i t i v e .  Therefore t h e  boom system i s  always s t a b l e  
provided i n e q u a l i t y  (80) i s  s a t i s f i e d .  S u b s t i t u t i n g  t h e  appropr i a t e  va lue  o f  
t h e  c o e f f i c i e n t s  from equat ion (91) i n t o  i n e q u a l i t y  (80) y i e l d s  

d .- 

2 2 
3 

K *  A*x - K *  {md" + A *  [md* - (1 - md*)x]) 1 - x  

2 2 - K * A * [ ~ ~ * A *  (1 -md*) ( l  - X) +md* - (1 - md*)X] + (1 - md*)A* X < 0 (92) 

Equation (92) may be used t o  answer t h e  fol lowing ques t ion .  Given a 
f ixed  value o f  X and A * ,  what i s  minimum value  o f  md* (subsequently denoted 
by 
f ind ing  t h e  minimum value o f  md* f o r  which a r e a l  p o s i t i v e  value o f  K *  

e x i s t s  which s a t i s f i e s  equat ion (92) .  
f o r  var ious values  o f  
The r e s u l t s  a r e  shown i n  f i g u r e s  9 and 10. A t  md* equal t o  

mdm*) t h a t  w i l l  permit t h e  boom t o  be s t a b i l i z e d ?  This i s  equiva len t  t o  

Corresponding values  of  mdm* and K *  

A *  and X have been ca l cu la t ed  on a d i g i t a l  computer. 
mdm* 

)r 
+ - - 

provided X # 1 

f ,I* 

Figure 9 . -  Var i a t ion  of minimum md* f o r  s t a b i l i t y ,  
with A * ,  f o r  var ious  va lues  of  X. 

A 

Figure 10.- Var i a t ion  of  K for minimum md*, 
with A*, f o r  var ious  values o f  X.  
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equat ion (92) has  one real  nega t ive  roo t  and a p a i r  o f  equal  real p o s i t i v e  
r o o t s .  For values  o f  md* below t h e  mdm* shown i n  f i g u r e  9 ,  equat ion  (92) 
has one r e a l  nega t ive  roo t  and a p a i r  o f  conjugate complex r o o t s .  In  t h i s  
case t h e r e  i s  no real  p o s i t i v e  value o f  K *  t h a t  satisfies equat ion (92) and 
t h e r e f o r e  t h e  boom cannot be s t a b i l i z e d .  I t  i s  i n t e r e s t i n g  t h a t  f o r  a f i x e d  
value o f  X, t h e r e  i s  a value of A* f o r  which mdm* i s  a maximum. With 
t h i s  value o f  md*, t h e r e f o r e ,  a boom wi th  a given value o f  X can be s t a b i -  
l i z e d  i r r e s p e c t i v e  o f  t h e  material from which i t  i s  made. 
determinat ion of  t h e  maximum value o f  
value of  A* a t  which it occurs ,  i s  given i n  appendix E .  The r e s u l t s  a r e  
summari zed be 1 ow 

An a n a l y t i c a l  
mdm*, f o r  a given X ,  along with t h e  

I t  i s  clear t h a t ,  provided t h e  value o f  X a s soc ia t ed  with a given boom 
i s  not  t oo  l a r g e ,  t h e  damping scheme provides  a p r a c t i c a l  s o l u t i o n .  However, 
booms with open c ross  s e c t i o n s  can have values  of X c lo se  t o  u n i t y  and unless 
t h e  va lue  of  A *  i s  e i t h e r  very l a r g e  o r  very small t h e  technique may no t  
o f f e r  a p r a c t i c a l  s o l u t i o n .  

STABILITY OF TYPICAL OPEN SECTION BOOMS 

The a n a l y t i c a l  r e s u l t s  given i n  t h e  previous s e c t i o n s  show t h a t  t h e r e  i s  
In  o rde r  t o  p re sen t  a c l a s s  o f  booms which can e x h i b i t  severe  i n s t a b i l i t i e s .  

t h e  r e s u l t s  i n  a compact form they  are expressed i n  terms of dimensionless 
parameters.  This  method of p re sen ta t ion  makes i t  d i f f i c u l t  t o  v i s u a l i z e  t h e  
phys ica l  dimensions and e l a s t i c  p r o p e r t i e s  of  booms l i k e l y  t o  experience 
i n s t a b i l i t i e s .  To provide d a t a  po in t s  r e l a t i v e  t o  which o t h e r  booms may be 
judged and t o  provide convincing evidence t h a t  e x i s t i n g  boom systems can be 
uns t ab le ,  t h e  a n a l y t i c a l  r e s u l t s  w i l l  be  appl ied  t o  s p e c i f i c  examples. The 
p e r t i n e n t  parameters f o r  t h e s e  examples are given i n  t h e  t a b l e .  These param- 
e t e r s  a r e  t y p i c a l l y  those  f o r  s i l v e r  p l a t e d  copper-beryll ium booms with a 
s t r u c t u r a l l y  open cross  s e c t i o n .  The thermal r a d i a t i o n  cons tan t  i s  appropri-  
a t e  t o  a s i t u a t i o n  i n  which t h e  s u n l i n e  i s  normal t o  t h e  boom a x i s .  Both t h e  
r ad ius  of  curva ture  and thermal t i m e  cons tan t  have been ca l cu la t ed  assuming 
t h e  boom cross  s e c t i o n  i s  thermally seamless (eqs.  (4) and ( 5 ) ) .  Boom A 
r ep resen t s  t h e  OGO I V  boom t h a t  i s  thought t o  have exh ib i t ed  i n s t a b i l i t y .  
Boom B i s  t y p i c a l  of one of  t h e  booms o f  a Naval Research Laboratory (NRL) 
g r a v i t y  s t a b i l i z e d  s a t e l l i t e  which has experienced anomalous behavior .  Boom C 
r ep resen t s  one o f  t h e  booms of t h e  Department o f  Defense Gravi ty  Experiment 
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(DODGE) sa t e l l i t e  which w a s  observed by t e l e v i s i o n  camera b u t  d id  not  
o s c i l l a t e .  Boom D r ep resen t s  one of  t h e  main booms o f  t h e  ATS-D s a t e l l i t e .  

The theory  given i n  t h i s  r e p o r t  is based on t h e  assumption t h a t  t h e  mass 
of t h e  boom i s  n e g l i g i b l e  compared with t h e  mass of  t h e  t i p .  This i s  c e r t a i n l y  
not  t r u e  f o r  boom A. However, i f  i t  i s  assumed t h a t  t h e  mode shape has only 
a secondary in f luence  on s t a b i l i t y  then  t h e  boom mass can be  represented  as an 
equiva len t  t i p  mass. The magnitude of  t h i s  t i p  mass i s  such t h a t  i t  gives  t h e  
c o r r e c t  n a t u r a l  frequency of  t h e  f irst  bending mode. Thus i f  t h e  boom has no 
t r u e  t i p  mass, as i s  t h e  case f o r  boom A, then  t h e  n a t u r a l  fundamental f r e -  
quency i s  3.52 JEI/amL4 where om i s  t h e  mass p e r  u n i t  l ength  of  t h e  boom. 
If AmT i s  t h e  equ iva len t  t i p  mass then  

o r  

S imi l a r  cons idera t ions  i n  t o r s i o n  lead  t o  an equiva len t  t i p  r o t a t i o n a l  i n e r t i a  
given by 

o r  

A I J ,  = 0.406 aIL (97) 

Equation (97) i s  only an approximation, s i n c e  t h e  e f f e c t  o f  t h e  warping s t i f f -  
ness has been ignored.  However, t h e  c a l c u l a t i o n  i s  used only t o  demonstrate 
t h a t  i n e q u a l i t y  (38) i s  s a t i s f i e d  (see t a b l e )  and, t h e r e f o r e ,  t h a t  r o t a t i o n a l  
i n e r t i a  e f f e c t s  on s t a b i l i t y  can be ignored.  Equation (97) i s  s u f f i c i e n t l y  
accu ra t e  f o r  t h i s  purpose.  

The values  o f  A *  and X f o r  each o f  t he  example booms are p l o t t e d  i n  
f i g u r e  6.  I t  i s  c l e a r  t h a t  boom A i s  the  most uns t ab le ,  having a value of 
p* = 0.14. Therefore ,  i n  t h e  absence o f  s t r u c t u r a l  damping, boom A has an 
uns t ab le  o s c i l l a t i o n  which diverges  as i f  i t  had a damping f a c t o r  o f  -0 .14 . l  
The va lue  of  p* f o r  boom D i s  about h a l f  t h a t  f o r  boom A. However, t h i s  
f a c t  does not  g ive  a balanced p i c t u r e  of t h e  r e l a t i v e  s e v e r i t y  of  t h e  i n s t a b i l -  
i t i e s  o f  t h e s e  two booms. Thus, f o r  example, t h e  time t o  double the  amplitude 
f o r  boom A i s  only 0.46 minute while  f o r  boom D it i s  17.20 minutes. 
This d i f f e rence ,  o f  course,  merely r e f l e c t s  t h e  widely d i f f e r e n t  f requencies  
of  t h e  two booms. However, it i s  important t o  no te  t h a t  i n  space app l i ca t ions  
t h e  o r i e n t a t i o n  of t h e  run r e l a t i v e  t o  t h e  boom a x i s  w i l l  genera l ly  vary with 
time as t h e  s a t e l l i t e  moves around i t s  o r b i t .  Therefore  t h e  condi t ions  favor-  
ab le  t o  promoting i n s t a b i l i t y  i n  a given boom may occur  f o r  only p a r t  o f  t h e  

l w e n  C/EI i s  very  small Jm,(A - B) = ~ " T L ~ / ~ E I  t h e r e f o r e  
5,' = 5, = -p*. 
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o r b i t .  I t  follows t h a t  t h e  g r e a t e r  t h e  t i m e  t o  double t h e  amplitude,  t h e  less 
w i l l  b e  t h e  p r o b a b i l i t y  t h a t  i ts amplitude w i l l  b e  severe  enough t o  in f luence  
t h e  s a t e l l i t e  o r  even b e  de t ec t ab le .  
were never  observed i n  boom C.  

This may be t h e  reason i n s t a b i l i t i e s  

I t  fol lows from f i g u r e  7 t h a t  a l l  t h e  booms can be s t a b i l i z e d  by f l e x u r a l  
In  each case t h e  r equ i r ed  f l e x u r a l  damping f a c t o r  i s  s l i g h t l y  h ighe r  damping. 

than  t h e  corresponding va lue  o f  (p* I .  
f o r  a l l  t h e  booms is  considerably h ighe r  than  1 .0 ,  and it fol lows from 
f i g u r e  8 t h a t  none o f  t h e  booms can be  s t a b i l i z e d  by t o r s i o n a l  damping alone.  

On t h e  o t h e r  hand t h e  values  o f  A *  

Although t h e  booms can be s t a b i l i z e d  by f l e x u r a l  damping t h e  amount 
r equ i r ed  f o r  a l l  t h e  example booms i s  cons iderably  h ighe r  than can be provided 
by t h e  s t r u c t u r e .  
t i o n  t o  t h i s  problem f o r  booms B y  C y  and D. I n  p a r t i c u l a r ,  boom D could be 
s t a b i l i z e d  with a b a l l  damper i n  which t h e  b a l l  i s  about 30 percent  o f  t h e  
e n t i r e  t i p  mass (see f i g .  9 ) .  In  f a c t  a reasonable  design approach would seem 
t o  be t o  assume t h a t  t h e  boom has no s t r u c t u r a l  damping and t o  s i z e  a b a l l  
damper t o  make t h e  boom n e u t r a l l y  s t a b l e .  
t h e  exact  value o f  t h e  s t r u c t u r a l  damping i s  thereby  avoided. 

The b a l l  damper, however, seems t o  o f f e r  a p r a c t i c a l  so lu -  

The d i f f i c u l t  ques t ion  o f  deciding 

CONCLUSIONS 

A l i n e a r i z e d  dynamic s t a b i l i t y  ana lys i s  o f  s l e n d e r  booms, i l l umina ted  by 
thermal r a d i a t i o n  and s u b j e c t  s o l e l y  t o  se l f - induced  thermal bending moments , 
leads t o  t h e  fol lowing conclusions.  

1. In t h e  absence o f  s t r u c t u r a l  damping any i n i t i a l l y  s t r a i g h t  boom with 
e i t h e r  seamless o r  open cross  s e c t i o n  i s  uns t ab le .  

2 .  For most p r a c t i c a l  boom systems, i nc lud ing  a l l  t h a t  have been flown, 
t he  r o t a t i o n a l  i n e r t i a  about t h e  boom a x i s  has a n e g l i g i b l e  e f f e c t  on boom 
s t a b i l i t y .  Subsequent conclusions a r e  a l l  based on t h i s  s i m p l i f i c a t i o n .  

3 .  I n i t i a l  curva ture  may inc rease  o r  decrease t h e  i n s t a b i l i t y  depending 
on i t s  magnitude and d i r e c t i o n .  I f  t h e  equi l ibr ium shape o f  t h e  boom, repre-  
s e n t i n g  the  combined e f f e c t s  o f  i n i t i a l  and thermally induced curva tures ,  i s  
such t h a t  t h e  boom and r a d i a t i o n  source are on t h e  same s i d e  o f  a p lane  pass-  
i n g  through t h e  boom roo t  and perpendicular  t o  t h e  r a d i a t i o n  rays ,  then  t h e  
boom w i l l  b e  s t a b l e .  In  t h e  absence of  s t r u c t u r a l  damping t h e  converse i s  
a l s o  t r u e .  

4 .  In  the  absence of s t r u c t u r a l  damping, booms with a seamless c ross  
s e c t i o n  are only mildly uns tab le .  
n a t u r a l  s t r u c t u r a l  damping. 

They would probably be  s t a b i l i z e d  by t h e i r  

5. I n  t h e  absence of s t r u c t u r a l  damping, booms with open cross  s e c t i o n s ,  
cha rac t e r i zed  by a low r a t i o  of  t o r s i o n a l  t o  bending s t i f f n e s s ,  can be  very 
uns tab le .  Booms wi th  an i n i t i a l  curva ture  may e x h i b i t  e i t h e r  o s c i l l a t o r y  o r  
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nonosc i l l a to ry  i n s t a b i l i t i e s  depending on the  magnitude and d i r e c t i o n  o f  t h e  
i n i t i a l  curva ture .  I n i t i a l l y  s t r a i g h t  booms, on t h e  o t h e r  hand, can only 
e x h i b i t  o s c i l l a t o r y  i n s t a b i l i t i e s .  The worst  case o s c i l l a t o r y  i n s t a b i l i t y  has 
a frequency 66 percent  o f  t h e  n a t u r a l  f l e x u r a l  frequency and diverges  as i f  i t  
had a damping f a c t o r  o f  -0.354. 
s l i g h t l y  dependent on whether o r  n o t  t he  c ross  s e c t i o n  a t  t h e  free end of  t he  
boom i s  r e s t r a i n e d  from warping. These booms can be s t a b i l i z e d  by f l e x u r a l  
damping b u t ,  i n  gene ra l ,  t h e  amount requi red  is  g r e a t e r  than  can be  provided 
by t h e  s t r u c t u r e  o f  e x i s t i n g  booms. 

The magnitude of  t h e  i n s t a b i l i t y  i s  only 

6.  Torsional  damping i s  far l e s s  e f f e c t i v e  than  f l e x u r a l  damping i n  
suppressing t h e  i n s t a b i l i t y .  There e x i s t s  an important class o f  booms o f  open 
c ross  s e c t i o n  which cannot be s t a b i l i z e d  by t o r s i o n a l  damping alone.  

7. For a l a r g e  class o f  booms, a pass ive  b a l l  type  damper, a t tached  t o  
t h e  t i p  o f  t h e  booms seems t o  o f f e r  a p r a c t i c a l  s o l u t i o n  t o  t h e  problem o f  
suppress ing  the  i n s t a b i l i t y .  

Ames Research Center  
National Aeronautics and Space Administration 

Moffett  F i e ld ,  C a l i f . ,  94035, November 28 ,  1969 
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APPENDIX A 

THERMAL B E N D I N G  MOMENTS I N  A THERMALLY SEAMLESS THIN-WALL BOOM 

OF CIRCULAR SECTION HEATED BY THERMAL RADIATION 

The primary a i m  o f  t h i s  appendix is  t o  de r ive  t h e  l i n e a r i z e d  dynamic 
r e l a t i o n s h i p  between t h e  thermal bending moment and t h e  long i tud ina l  t w i s t  o f  
t h e  boom. 

9 

m F i r s t  t h e  normal modes and time cons tan ts  of  t h e  temperature  d i s t r i b u t i o n  
are determined f o r  a boom hea ted  by p a r a l l e l  rays  of  thermal r a d i a t i o n .  These 
modes are then  used t o  ob ta in  the  s t e a d y - s t a t e  temperature  d i s t r i b u t i o n  around 
t h e  boom cross  s e c t i o n .  Knowledge of  t h e  temperature  d i s t r i b u t i o n  then  per-  
m i t s  t h e  s t e a d y - s t a t e  bending moments a c t i n g  along t h e  length  o f  t h e  boom t o  
be  ca l cu la t ed .  I t  i s  then assumed t h a t  t h e  boom i s  suddenly r o t a t e d  about i t s  
a x i s  through a small  angle.  The accompanying v a r i a t i o n  o f  temperature  d i s -  
t r i b u t i o n ,  as expressed by t h e  normal modes and t i m e  cons t an t s ,  i s  then  used t o  
determine t h e  d i f f e r e n t i a l  equat ion desc r ib ing  t h e  v a r i a t i o n  o f  thermal bend- 
i n g  moment with t ime. To s impl i fy  t h e  a n a l y s i s ,  assumptions s imilar  t o  those  
used i n  re ference  1 are made. These a r e  given below f o r  t h e  sake of  
completeness. 

1. The boom i s  s u f f i c i e n t l y  s l e n d e r  t h a t  h e a t  conduction along i t s  
length  may be neglec ted .  

2 .  The e n t i r e  c ros s  s e c t i o n  lo ses  h e a t  by r a d i a t i o n .  

3 .  The r a d i a n t  h e a t  absorbed by an element on t h e  s u n l i t  s i d e  of  t h e  
boom i s  p ropor t iona l  t o  t h e  cos ine  o f  t h e  angle  between t h e  su r face  normal a t  
t h e  element and t h e  s u n ' s  r ays .  

4. I n t e r n a l  r a d i a t i o n  i s  neglec ted .  

The f i r s t  o f  t h e  above assumptions permits  a reduct ion  i n  t h e  dimensional i ty  
o f  t h e  hea t ing  problem s i n c e  i t  impl ies  t h a t  t h e  thermal behavior  of  any sec-  
t i o n  of  t h e  boom i s  independent o f  t h e  thermal behavior  of  ad jacent  s e c t i o n s .  
Thus, t h e  e n t i r e  thermal behavior  of  t h e  boom can be deduced when t h e  
behavior  o f  a t y p i c a l  l ong i tud ina l  s e c t i o n  of  small length  i s  known. 

TEMPERATURE DISTRIBUTION 

The unsteady h e a t  flow equat ions de f in ing  t h e  temperature d i s t r i b u t i o n  
around the  circumference a t  a t y p i c a l  s e c t i o n  along t h e  boom and c o n s i s t e n t  
with the  above assumptions i s  
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along with boundary condi t ions  r ep resen t ing  t h e  fact  t h a t  f o r  a seamless 
c i r c u l a r  c ross  s e c t i o n  t h e  temperature  and i t s  f i rs t  d e r i v a t i v e  are 
continuous 

- 
T ( s , t I )  = ?;(s + 2Trr,t') 

thermal conduct iv i ty  

c y l i n d e r  t h i ckness  

mass dens i ty  

s p e c i f i c  hea t  

Stephan-Boltzmann cons tan t  

emis s iv i ty  

d i s t a n c e  measured along t h e  circumference 

t ime 

abso lu te  temperature  a t  po in t  s a t  time t '  

c ros s - sec t iona l  r ad ius  

input  hea t  f l u x  r a t e  due t o  thermal r a d i a t i o n  

The a n a l y s i s  may be s i m p l i f i e d  f u r t h e r  by making use of t h e  observa t ion  t h a t  
booms a r e  usua l ly  rnade from mate r i a l s  whose thermal p r o p e r t i e s  cause t h e  tem- 
pe ra tu re  d i f f e r e n c e  betiween any two p o i n t s  on the  boom t o  be small compared 
with the  abso lu te  temperature  of any po in t  on t h e  boom, Thus, i f  To i s  some 
average temperature  and T ( s ,  t ' ) i s  t h e  d i f f e r e n c e  between t h e  temperature a t  
t h e  po in t  s a t  time t f  and t h e  average temperature ,  then  t h e  r a t i o  
T ( s , t ' ) / T o  is  usua l ly  small. 
assumption i n  which squares  and h igher  o rde r s  o f  

1 %  

This permi ts  use o f  t h e  s o - c a l l e d  l i n e a r i z i n g  
a r e  neglec ted .  T ( s , t ' ) / T o  

'I 
By d e f i n i t i o n  

- 
T ( s , t ' )  = To + T ( s , t ' )  (A31 

- 
and s u b s t i t u t i n g  f o r  T ( s , t ' )  from equat ion (A3). i n t o  equat ions  (Al) and (A2) 
and us ing  t h e  l i n e a r i z i n g  assumption g ives  t h e  following equat ions f o r  
T ( s , t ' )  
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T ( s , t l )  = T(s + 2.rrr , t1) 

a T ( s , t f )  - aT(s + 2 n r , t 1 )  - 
as as 

The homogeneous p a r t  o f  equat ion  (A4) i s  

A s o l u t i o n  t o  equat ion (A6) has t h e  form 

(A71 
- A t  T ( s , t l )  = e A(s) 

where A i s  a cons tan t .  S u b s t i t u t i n g  f o r  T ( s , t ' )  from equat ion (A7) i n t o  
equat ion (A6) gives  t h e  fol lowing ord inary  d i f f e r e n t i a l  equat ion f o r  t h e  
func t ion  A(s) 

where 

The s o l u t i o n  o f  equat ion (A8) i s  

- Rs ~ ( s )  = c1eRs + ~ 2 e  

The value of 
t i o n s  (A5). S u b s t i t u t i n g  f o r  A(s) from equat ion (A10) i n t o  equat ion (A7) and 

R may now be  found from t h e  boundary condi t ions  given by equa- 

f o r  T ( s , t l )  from equat ion (A7) i n t o  equat ions (AS) g ives  4' 

(All)  

(A121 

- Rs R(s+2nr) + C2e - R ( s + z n r )  

- Rs R(s+2nr) -R (s+2nr)  
- C2e 

CleRs + c 2 e  = Cle 

C1e - C2e = Cle 

* 
RS 

Equations (All)  and (A12) a r e  s a t i s f i e d  f o r  n o n t r i v i a l  va lues  o f  C 1  and C 2  
i f  and only i f  
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Equation (A13) has  a double r o o t  e R2-rrr = 1 which, i n  t u r n ,  has  r o o t s  given 
by 

(A141 
i n  
r an = - n = 0,1,2, .  . . 

I 
where 

i = L i  
5 

The time cons tan ts  An can now be determined from equat ion  (A9), 

and t h e  func t ions  An(s) from equat ion (AlO), 

which can be r e w r i t t e n  i n  t h e  form 

where 

The func t ions  Aln(s)  and A2n(s), n = 0 ,1 ,2 , .  . . are normal modes of  t h e  
temperature  d i s t r i b u t i o n .  

I t  now fol lows t h a t  t h e  genera l  s o l u t i o n  o f  t h e  homogeneous equat ion (A6) 
4 is 

n= o 

Equation (A17) sugges ts  a s o l u t i o n  t o  t h e  inhomogeneous equat ion (A4) o f  t h e  
form 

m 

n= o 
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where t h e  cons tan ts  C1n + C2n and i(C1n - C2n) are inc luded  i n  t h e  
func t ions  
i n t o  equat ion (A4) and us ing  equat ions (AS) and (A9) y i e l d s  t h e  equat ion  

qln ( t  ' )  and q2n (t ' ) , r e spec t ive ly .  S u b s t i t u t i n g  equat ion (A18) 

which must be s a t i s f i e d  by 
s o l u t i o n .  

q l n ( t ' )  and q Z n ( t ' )  f o r  equat ion (A18) t o  be  a 

STEADY-STATE B E N D I N G  MOMENTS 

Consider now t h e  s i t u a t i o n  as shown i n  f i g u r e  l l ( a ) ,  where t h e  y" and z" 
axes a r e  assumed t o  b e  f ixed  i n  t h e  c ross  s e c t i o n .  By assumption 3 t h e  inpu t  

Thermal radiation 

1JJ11III111 

f Y:Y' 

Thermal radiation 

@ Y '  

(a)  Before r o t a t i o n .  (b) After r o t a t i o n  J I .  

Figure 11.- Coordinate systems f o r  thermal a n a l y s i s .  

h e a t  f l ux  r a t e  due t o  s o l a r  r a d i a t i o n  i s  given by t h e  expression 

S Y ( S )  = JSasO(s)cos - r 

where 

Js = thermal r a d i a t i o n  constant  

as  = a b s o r p t i v i t y  

and 

S ~ ( s )  = 1 f o r  cos - 2 0 r 

S = o  f o r  cos - < 0 r 
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The v a r i a t i o n  of  y(s)  with  s/r  i s  
- - - - - - - - - shown i n  f i g u r e  1 2 .  I t  fol lows from 

equat ion (A20) t h a t  y(s)  i s  an even 
func t ion  of  s /r .  Therefore ,  s i n c e  
a€TO4 
of equat ion (A19) i s  a l s o  an even func- 
t i o n  o f  s/r.  Since t h e  l e f t  hand s i d e  
o f  equat ion (A19) i s  a Four ie r  s e r i e s  
with argument s /r ,  it follows t h a t  equa- 

i f  q,,(t') 5 0 f o r  a l l  n .  

i s  a cons t an t ,  t h e  l e f t  hand s i d e  

' T T  I -m - a / 2  0 T / 2  J, 
s /r 

"'" 
't Figure 1 2 . -  Circumferent ia l  d i s t r i b u t i o n  of input  t i o n  (A19) can be  s a t i s f i e d  i f  and only 

h e a t  f l u x  r a t e .  

3 I t  i s  shown i n  re ference  1 ( a f t e r  s i g n  adjustments t o  account f o r  t h e  
adopted a x i s  system) t h a t  t h e  thermally induced bending moments about t h e  
y" and z" axes are given by t h e  expressions 

M ( t ' )  = ecEh A2rrr T ( s , t l ) z l I ( s ) d s  (A2 1)  

MZ, , ( t l )  = -ecEh J2rrr T ( s , t ' ) y " ( s ) d s  

Y" 

(A2 2 1 
0 

where 

E 

z" (s) 

c o e f f i c i e n t  o f  thermal expansion 

Young's modulus 

y" and z" coord ina tes  of a p o i n t  s on t h e  per imeter  of  t h e  boom 

I t  fol lows from f i g u r e  11 t h a t  

(A231 
S y"(s) = -r cos - r 

(A241 
S zll(s)  = -r s i n  - r 

R S u b s t i t u t i n g  equat ion  (A18) i n t o  equat ions (A21) and (A22) (not ing t h a t  
q 2 n ( t ' )  E 0 f o r  a l l  n) and performing t h e  i n t e g r a t i o n s  ind ica t ed  g ives  t h e  
fol lowing expressions 

? 

M ( t ' )  = 0 (A251 Y" 

MZ,,( t ' )  = ecEhrrr2ql l ( t ' )  (A261 
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However, it fol lows from equat ion (A19) t h a t  [dq l l  ( t ' ) / d t ' ]  + X1qll ( t ' )  i s  
equal  t o  t h e  c o e f f i c i e n t  of  
y ( s )  - o&To4/hpc. Thus, 

c o s ( s / r )  i n  t h e  Four ie r  expansion o f  

Equations (A26) and (A27) may now be  combined t o  g ive  t h e  fol lowing express ion  
f o r  Mzl , ( t ' )  i n  terms of  t h e  material p r o p e r t i e s .  Thus, 

dMz,, ( t '  1 JSasecEnr2 

2 P  C 
~- + XIMZ,,(t') = d t '  

Equations (A25) and (A28) show t h a t  i n  t h e  s t eady  s t a t e ,  

M (a) = 0 
Y" 

JsasecEm2 

2P c h  1 MZ,,(") = 

CHANGE OF BENDING MOMENTS DUE TO SMALL ROTATION 

Suppose, now, t h a t  t h e  boom,whose c ross  s e c t i o n  i s  shown i n  f i g u r e  11,has 
reached i t s  s t e a d y - s t a t e  temperature d i s t r i b u t i o n .  The bending moments a c t i n g  
on t h e  boom are given by equat ion (A29). Suppose, f u r t h e r ,  t h a t  t h e  c ross  
s e c t i o n  i s  ins tan taneous ly  r o t a t e d  through a small angle  $J. I t  i s  r equ i r ed  
t o  know t h e  equat ions de f in ing  t h e  subsequent change i n  t h e  thermal bending 
moments. 

The equat ion governing t h e  pe r tu rba t ion  i n  temperature caused by t h e  
small r o t a t i o n  d i f f e r s  from equat ion (A4)  only i n  t h a t  t h e  r i g h t  hand s i d e  i s  
rep laced  by -Ay(s)/Kh where Ay(s) i s  t h e  change of h e a t  f l u x  r a t e .  I t  should 
be noted here  t h a t  t i s  t h e  time measured from t h e  i n s t a n t  o f  r o t a t i o n  
through t h e  angle  $. The equat ion corresponding t o  equat ion (A19) i s ,  
t h e r e  f o r e  

The instantaneous change o f  h e a t  f l u x  r a t e  i s  given by (see eq. (A20)) 
< 

where 
Ay(s) = Jsus[o l (s )cos  (: + 4) - 02(s)cos - "1 r 
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O 2 ( S )  = 1 cos 5 > 0 r -  

r 
S = o  cos - < 0 

If 9 i s  assumed t o  be s u f f i c i e n t l y  small t h a t  only terms l i n e a r  i n  9 need 
be r e t a i n e d ,  equat ion (A31) becomes 

I. 
t 

(A321 
S Ay(s) = - J s c l s O ( s ) $  s i n  - r 

a, 

The v a r i a t i o n  o f  Ay(s) with s/r i s  
shown i n  f i g u r e  13. Clear ly ,  Ay(s) i s  

t i o n  (A30) shows t h a t  Aqln(t) = 0 f o r  
J,a& an odd func t ion  o f  s/r; t h e r e f o r e ,  equa- 

-T I l---NAy(s) I - a / 2  s7u"'? 
Proceeding as f o r  equat ions (A25) 

and (A26) gives  corresponding expres - 

bending moments; t hus ,  
Figure 13.- Change of c i r cumfe ren t i a l  d i s t r i b u t i o n  for the changes in the 

o f  inpu t  hea t  f l u x  r a t e  due t o  t w i s t .  

AM ( t )  = -e,Ehm2Aq2,(t) (A331 Y" 

Equation (A30) shows t h a t  t h e  expression 
t o  t h e  c o e f f i c i e n t  o f  s i n ( s / r )  i n  t h e  Four ie r  expansion of  Ay(s)/hpc. Thus, 

[dAq,,(t) /dt]  + h,Aq,,(t) i s  equal 

Equations (A33) and (A34) may now be combined t o  g ive  t h e  fol lowing expressions 
f o r  AM (t) 

Y" 

dAM ( t )  JsasecErr2$ 
+ X l A M  (t) = 2pc  

d t  Y" 

Equation (A35) may now be  combined with equat ion (A29) t o  y i e l d  
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The bending moment AM ( t )  may now be reso lved  about a s e t  of axes y '  and z '  
( see  f i g .  l l ( b ) )  which are f i x e d  r e l a t i v e  t o  t h e  d i r e c t i o n  o f  t h e  inc iden t  
r a d i a t i o n .  The component AM , ( t )  about t h e  y '  a x i s  is given by 

AM ( t ) c o s  $ a AM , ( t )  whi le  t h e  component AMZ,(t) about t h e  z '  a x i s  i s  
given by AM ( t ) s i n  $ : 0 ( s ince  by eq. (A36) AM , ( t )  is  t h e  same o rde r  as 
$).  The o v e r a l l  conclusion,  t he re fo re ,  i s  t h a t  fol lowing an ins tan taneous  
r o t a t i o n  $, t h e  thermal bending moments a c t i n g  on t h e  c ros s  s e c t i o n  c o n s i s t  \ 

of  

Y" 

Y 
Y" Y 

Y" Y 

(a) A moment M ,,(a) whose d i r e c t i o n  r o t a t e s  wi th  t h e  c ross  s e c t i o n  (body z 
f i x e d  moment) and whose magnitude i s  cons tan t  and given by equat ion ( A 2 9 )  

(b) A moment AMy,(t) whose d i r e c t i o n  i s  along t h e  r ays  o f  t h e  i n c i d e n t  
r a d i a t i o n  and whose magnitude i s  given by 

where $ ( t )  i s  regarded a s  a func t ion  of  t i m e .  
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APPENDIX B 

DEFLECTION EQUATIONS FOR A CIRCULARLY BENT BOOM 

OF CIRCULAR CROSS SECTION 
I 

5 ‘I Consider a boom whose locus o f  f l e x u r a l  c e n t e r s ,  i n  t h e  unloaded condi- 
t i o n ,  forms t h e  arc of  a c i r c l e  of r ad ius  R .  Furthermore, l e t  t h e  boom be  
a t t ached  r i g i d l y  a t  one end t o  form a c a n t i l e v e r .  
s e t  t h a t  t h e  l eng th  o f  t h e  boom L i s  small compared with t h e  r ad ius  o f  
curva ture  R. The s i t u a t i o n  is  shown i n  f i g u r e  14 which a l s o  shows t h e  
coord ina te  systems adopted. The u n i t  vec to r s  t ( x ) ,  n ( x ) ,  and 6 (x )  a t  a 

t y p i c a l  po in t  A a r e  t h e  tangent ,  
normal, and binormal,  r e spec t ive ly ,  t o  
t h e  locus o f  f l e x u r a l  cen te r s .  The 
coordinates  of  po in t  A r e l a t i v e  t o  t h e  
T(o),  ii(01, 6(0) axes a r e  
while  t h e  d e f l e c t i o n  of  po in t  A r e l a -  
t i v e  t o  t h e  i i (x) ,  b (x)  axes a r e  denoted 
by y(x)  and z(x) . The angle  o f  t w i s t  

I t  is  assumed from t h e  out -  
0 
I 

- - 

xo, yo, zo 
- 

- 
b(L) about t ( x )  i s  denoted by $(x)  . 

The problem i s  t o  determine t h e  ti’p 
E(L) f(L) d e f l e c t i o n s  y(L) and z(L) and t h e  t w i s t  

- 

Figure 14 . -  Coordinate  system for d e f l e c t i o n  $(L) due t o  t h e  simultaneous ac t ion  of  - 
a n a l y s i s .  f o rces  F and Fz a c t i n g  along n(L) 

- and 6(L),’a couple T a c t i n g  along 
t (L)  and an a r b i t r a r y  d i s t r i b u t i o n  of  
bending moments AM,(x) and AMb(x) 
a c t i n g  along T(x) and 6 ( x ) .  The loads 
on t h e  boom are shown i n  f i g u r e  15. The 
assumption i s  now made t h a t  t h e  boom 
d e f l e c t i o n s  a r e  s u f f i c i e n t l y  small  t h a t  
t h e  p r i n c i p a l  of supe rpos i t i on  holds  and 
t h a t  , t h e r e f o r e ,  t h e  bending moments and 
torques remain cons tan t  and equal t o  
t h e i r  values  ca l cu la t ed  as i f  t h e  boom 
were undef lec ted .  I t  follows from f i g -  
u r e  15 t h a t  t h e  t o t a l  bending moments 

r e s p e c t i v e l y ,  a t  p o i n t  A ,  are 

Fz 
/ %+ 

1 Mn(X) and Mb(x) along T(x) and 6 ( x ) ,  

- 
while  t h e  torque  Mt(x) a long t ( x )  i s  
given by 

Figure 15.- Loads a c t i n g  on t h e  boom. 
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L - x  Mt(x) = F , E  + T COS ~ R 
- -  

The d i s t ances  BC, AD, and E are given by t h e  fo l lowing  express ions  

- L - x  BC = = R s i n  ~ R 

- 
AC = R ( l  - cos "") R 

I t  i s  assumed a t  t h i s  p o i n t  t h a t  t h e  o rde r  o f  magnitude of  t h e  r a t i o  o f  t h e  
couple T t o  e i t h e r  force  F, o r  Fy never  exceeds L 2 / R .  Expanding t h e  
above expressions i n t o  powers of  ( L -  x) /R and neg lec t ing  a l l  above t h e  t h i r d  
power i n  the  moments due t o  and t h e  f irst  power i n  moments due t o  
T ( i n  agreement with t h e  above assumption) y i e l d s  t h e  fol lowing express ions  

Fy and F, 

f o r  Mn(x), Mb (XI 9 and M t  (XI 

I t  i s  convenient t o  s t a r t  with t h e  c a l c u l a t i o n  o f  $ ( x ) .  The t w i s t  angle  
of  a bent  boom can be regarded as t h e  sum of  two components, one r ep resen t ing  
t h e  con t r ibu t ion  due t o  t w i s t i n g  torque ,  t h e  o t h e r  t h e  con t r ibu t ion  due t o  
bending. Thus, 

= + $B(x) (B4) 

The r e l a t i o n s h i p  between angle  of  t w i s t  and app l i ed  torque  i s  given by t h e  
d i f f e r e n t i a l  equat ion ( r e f .  6)  

The appropr i a t e  s o l u t i o n  o f  equat ion ( B 5 )  must s a t i s f y  t h e  fol lowing end 
condi t ions  
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along with 
# 

d$T (XI 
dx = 0 i f  Tip Warping i s  Restrained (TWR) 

x=L 

d2QT (XI 
= 0 i f  Tip Warping i s  Unrestrained (TWU) 

dx2 
x= L 

The appropr i a t e  s o l u t i o n  of  equat ion (B5) i s  given by 

where 

k =& 

B =  1 lL Mt(G)sinh[k(L - ;)Id? (TWR) 
C,k sinh(kL) 

or 

B =  1 iL Mt(?)cosh[k(L - ?)Id; (TWU) 
C,k cosh(kL) 

S u b s t i t u t i n g  equat ion  (B3) i n t o  equat ions (BlO), (B11) , and (B12) and 
performing t h e  i n t e g r a t i o n s  g ives  t h e  fol lowing r e s u l t s  

+ 3Lx(L - x) + -+ 6x -7- 3[ (kL)2  + 21 {cosh[k(L - x) ]  - cosh(kL)l 
k2 k3  sinh(kL) 

tanh(F) } (TWR) 
- k  + -  

k 3  sinh(kL) 



or  

+ 3Lx(L - x) + -+ 6x 3[ (kL)2  + 21 {s inh[k(L - x ) ]  - sinh(kL) 1 
k2 k3  cosh(kL) 

s inh[k(L - x)]  tanh(kL) 
+ qx+ k cosh(kL) - k  

When x = L 

where 

I 
- T R T I ~ I - I I  

o r  

Graphs of  f l  (kL) and f 2  (kL) a r e  given i n  f i g u r e  3 

The t w i s t  due t o  bending $,(x) may be obta ined  from t h e  s t r a i n  energy 
due t o  bending by a p p l i c a t i o n  of C a s t i g l i a n o ' s  theorem ( r e f .  7 ) .  I t  i s  f i r s t  
necessary t o  in t roduce ,  i n  add i t ion  t o  t h e  loads i n d i c a t e d  i n  f i g u r e  15, a 
dummy torque  Tt a c t i n g  a t  t h e  po in t  x and along t h e  tangent  t o  t h e  boom 
a x i s .  The bending moment a t  t h e  po in t  2 about t h e  n(2)  a x i s  then  becomes 

- 
while  t h e  bending moment about t he  b(2)  a x i s  remains unchanged. The s t r a i n  
energy i n  bending i s  given by t h e  expression 
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and by t h e  Cas t ig l i ano  theorem 

a 

D i f f e r e n t i a t i n g  equat ion  (B17) with r e spec t  t o  Tt and s u b s t i t u t i n g  f o r  
a [Mn' (:)]/aTt i n  equat ion (B19) y i e l d s  

S u b s t i t u t i n g  f o r  Mn(?) from equat ion (Bl) i n t o  equat ion (B20) and performing 
t h e  i n t e g r a t i o n  i n d i c a t e d  y i e l d s  t h e  fol lowing express ion  f o r  QB(x) 

X 

$B(x) = 2 ($ - $) + &- I, AMn(?)sin (4) x - x  d? (B21) 

where t h e  s i m p l i f i c a t i o n s  permi t ted  by t h e  assumption made about t h e  r e l a t i v e  
magnitudes of  t h e  fo rces  Fy and Fz t o  t h e  torque T have been made and 
terms of  o rde r  F z L 5 / R 3  and h ighe r  have been neglec ted .  

Combining equat ions (B15) and (B21) y i e l d s  

The l i n e a r  d e f l e c t i o n s  y(L) and z(L) may a l s o  be regarded as t h e  sum o f  
two components. In t h i s  case  they  a r e  t h e  con t r ibu t ions  due t o  t h e  bending 
moment and t o  t h e  angle  of  t w i s t  +T(X) 

The con t r ibu t ions  
bending by an a p p l i c a t i o n  o f  C a s t i g l i a n o ' s  theorem. Thus t h e  s t a i n  energy i n  
bending is  given by equat ion (B18) where i n  t h i s  case  t h e  dummy torque  
need not  be included.  
are 

yB(L) and zB(L) may be ca l cu la t ed  from t h e  s t r a i n  energy i n  

Tt The expressions f o r  yB(L) and zB(L), by Cas t ig l i ano ,  

aMb (XI L a u B  1 
a FY E 1  Mb(x) aFy YB(L) = - = - dx . 
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where use has been made o f  the facts that, from equations (Bl) and (B2), 
aMn(x)/aFy = aMb(x)/aFz = 0. 
equations (B24) and (€325) yields 

Substituting from equations (Bl) and (B2)  into 

AMn(x)sin (T) L - x  dx 

where the quantity ( L  - x) - [ ( L  - x)~/~R’], which is an approximation to 
R sin[(L - x)/R], has been replaced by its true value in the two integral 
expressions. Equations (B26) and (B27) simplify to 

L 
YB(L) = (L3 -2) + j$ AMb(x)sin (L - x, dx 

It follows from the geometry of the boom in the deflected state that, to 
the required accuracy, the deflection 
deflection zT(L) is given by the expression 

yT(L), due t o  twist, is zero, while the 

Boom before element at  x is twlsted 

Boom after element a t  x is twisted 
zT(L) = R i L F  - co: 

+ 

(B30) (see fig. 16) 

Integrating equation (B30) by parts < 

gives 

Substituting for I)~(x) from equa- 
tions (B15) and (B16) into equation (B31) Figure 16.-  Geometry o f  t h e  l i n e a r  d e f l e c t i o n  due 

t o  t w i s t .  and approximating sin[(L-x)/R] by 
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t 

(L - x)/R y i e l d s  
i 

where 

FzL5f3 (kL) + T L 3 f l  (kL) 
20R2C 6 RC z (L)  = T 

+--- 20 5 ( 4 [  (kL)2 + 2ltanh + (kL)4 coth(kL)) 40 f3(kL) = 1 + 
3(kL)2 (kL)4 (kL)5 

t 
I! 

Graphs o f  f3(kL) are given i n  figure 3 .  

i I t  follows from equat ions (B28), (B29), and (B32) t h a t  

y(L) = %  (L3 - $)+AiL AMb(x)sin (T) L - x  dx 
3 E  I 
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APPENDIX C 

ORDER OF MAGNITUDE OF ANGLE OF TWIST DUE TO 

THERMAL BENDING MOMENTS 

A t  any p o i n t  x along t h e  boom, t h e  angle  o f  t w i s t  due t o  thermal 
bending moments i s  given by t h e  express ion  [N(x,t)/RRs]sin a ,  where 

These two expressions follow from equat ions (12)and (13) with L rep laced  by 
x. The quan t i ty  q ( 2 , t )  i s  given by equat ion ( 6 ) ,  which has the  genera l  
s o l u t i o n  

Since,  by d e f i n i t i o n ,  t h e  boom i s  undis turbed a t  t = 0 i t  follows t h a t  
q ( i , O )  = 0.  Also $(;,T) is continuous i n  T and e-A(t-T)  i s  p o s i t i v e  and 
i n t e g r a b l e  over  t h e  region 0 L T 5 t .  
of mean value may be appl ied  t o  equat ion ( C 2 )  g iv ing  

Therefore  t h e  f i r s t  i n t e g r a l  theorem 

where 0 5 7 r. t .  Therefore 

Since r l (2 , t )  i s  continuous and (x - 2) i s  p o s i t i v e  and i n t e g r a b l e  over  
t h e  i n t e r v a l  
equat ion (Cl) g iv ing  

0 5 2 5 x, t h e  f i r s t  i n t e g r a l  o f  mean value may be appl ied  t o  

N(x , t )  = Rrl(x,t) ix s i n  (q) d? 

where 0 5 x 5  x. Therefore ,  

N(x, t )  = Rq(x , t ) ( l  - cos $) 

, 
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IF; 

I t  fol lows from equat ions (C4) and (C5) t h a t  
I 
i 
li 

o r  

I 
iJ 

- -  b 
If it i s  assumed t h a t  $(x,T) > $ ( x , T ) ,  i n e q u a l i t y  (C6) can be expressed i n  
t h e  form 

where the  f a c t o r  [l  - cos(x/R)] has been rep laced  by i t s  approximate value 
x2/2R2. Inequa l i ty  ( C 7 )  i n d i c a t e s  t h a t  over  any i n t e r v a l  o f  time s t a r t i n g  a t  
zero t h e  maximum angle  of t w i s t  due t o  thermal bending moments a lone i s  l e s s  
than the  maximum t o t a l  angle  of  t w i s t  mu l t ip l i ed  by t h e  f a c t o r  (x2/2RRs)sin a .  
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APPENDIX D 

EVALUATION OF THE REAL PART OF THE ROOT OF THE 

STABILITY POLYNOMIAL CORRESPONDING TO 

THE MOST RAPID DIVERGENCE 

1 

The s t a b i l i t y  polynomial f o r  t h e  s p e c i a l  case o f  I $  = DJI = 0 is  
(eq. (51)) 

2 
252 + A*)s* + (1 + 2A*<,)s* -I- A* = 0 

L+(- 3 

1 - x  1 - x  

where t h e  v a r i a b l e s  are def ined  by equat ions (47) t o  (50).  In t h i s  appendix 
t h e  real  p a r t  o f  t h e  r o o t  o f  equat ion (Dl) corresponding t o  t h e  most r a p i d  
divergence i s  sought under condi t ions  of (a) varying X* a t  a f ixed  X ,  and 
(b) varying X a t  a f i x e d  A * .  

I t  follows from t h e  s t a b i l i t y  c r i t e r i a  f o r  a cubic  given i n  r e fe rence  5 
t h a t  t h e  uns t ab le  mode, i f  i t  e x i s t s ,  must be  o s c i l l a t o r y .  I t  i s  t h e r e f o r e  
assumed t h a t , i n  t h e  reg ion  o f  i n t e r e s t ,  equa t ion  (Dl) has one real  roo t  and a 
p a i r  o f  conjugate  imaginary r o o t s .  Thus t h e  c h a r a c t e r i s t i c  polynomial must 
have t h e  fol lowing r e p r e s e n t a t i o n  

where p* i s  t h e  real  p a r t  o f  t h e  most r a p i d  divergence and a* and q* a r e  
both r e a l  q u a n t i t i e s .  Equation (D2) may be expanded t o  g ive  

(D3) s*3 + s* 2 (-2p* + a*> + s ( p *  2 + q*’ - 2p*a*) + a*(p*2 + q* 2 = o 

Equating c o e f f i c i e n t s  o f  equat ions (Dl) and (D3) 

-2p* + a* = 25, + X*(l - X) 

p* 2 + q* 2 - 2p*a* = (1 - X)(1 + 2X*<,) 

2 a*(p*2 + q* = X*(I  - XI 

VARYING A*,  FIXED X 

A t  a s t a t i o n a r y  va lue  of  p* with r e s p e c t  t o  A* it i s  necessary t h a t  
ap*/aA* = 0 .  The r e s u l t  o f  d i f f e r e n t i a t i n g  equat ions (D4), (DS), and (D6) 
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with respect to A* is 

1 0 -(1 - X)  

- 2p* 2 -25,(1- X )  

p*2 + q*2 2a* -(1- X )  

i 

= 0 

2 * 
+ q* + 2a*q* = (1 - XI (D9 1 ax* (P* ax* 

a a* 2 

Equations (D7), (D8), and (D9) hold for nontrivial values of aa*/ax* and 
q*(aq*/ax*) if and only if 

1 

If x # 1, equation (D10) simplifies to 

p*2 + q*2 + 2a*p* + 2a*<, = 1 (D11) 

It also follows from equations (D4) and (D6), after eliminating X*(l - X), 
that 

(D12) 
2 

25, = -2p* + a* - a*(p*2 + q* 

and from equations (D11) and (D12) by eliminating p*2 + q*2 that 

ax2 = 1 013) 

Since p* and q* are real by definition, equation (D6) shows that a* must 
be positive for X < 1. Therefore 

a* = 1 (Dl41 

Equations (D5), (D6), and (D14) may be combined to eliminate A * ,  
yielding 

p*2 + q*2 - 2p* = 25z(p*2 + q*2) + 1 - x (D15) 
2 Eliminating p* + qX2 between equations (D11) and (D15) gives the following 

expression for p* 
X 

(Dl61 P* = 4(1 - 5,) - 5z 
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S u b s t i t u t i n g  for p* from equat ion  (D16) i n t o  equat ion  (D4) produces t h e  
fol lowing equat ion  for A* 

1 0 A* 

- 2p* 2 1 +  2A*<, 
2 

p*2 + q* 2 a* A* 

The imaginary p a r t  of t h e  complex r o o t  may be  obta ined  from equat ion (D11); 
thus, L 

= 0 

VARYING X ,  F IXED X* 

A t  a s t a t i o n a r y  va lue  o f  p* with r e spec t  t o  X it i s  necessary t h a t  

ap*/aX = 0 .  The r e s u l t  of d i f f e r e n t i a t i n g  equat ions  (D4), (DS), and (D6) 
wi th  r e s p e c t  t o  X i s  

aq” - 2p* ax aa* - - - ( 1  + 2A*C,) 
*q* ax  

aa* 2 + q*2) + 2a*q* aq* = -A* - (P* ax  ax 

Equations (D19), (D20), and (D21) hold f o r  n o n t r i v i a l  va lues  o f  a a * / a X  and 
q*(aq*/aX) i f  and only i f  

Equation (D22) s i m p l i f i e s  t o  t h e  fol lowing express ion  

p*2 + q*2 + 2p*a* = -a*(l  + 2A*5z) + A *  
A* 

I t  fol lows from equat ions (D5) and (D6) by e l imina t ing  (1  - X) t h a t  
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2 2 
Equations (D12), (D23), and (D24) are l i n e a r  i n  (p* + q* ) and 2p*. The 
corresponding e l iminant  i s  

a* 1 -a* + 25, 

1 a* = o  a * ( l +  2A*5z) - A* 
A*  

A* - a * ( l +  2X*<,) -a*X* 0 

which s i m p l i f i e s  t o  

2 2  (-a* + ~ * ) 2  = a* ( A *  - 2x*cZ) 

I t  fol lows from equat ion (D26) t h a t  t h i s  s o l u t i o n  can hold  only i f  

A * 2  - 2A*<, 1 0  

o r  
A *  

5, 5 2  

The appropr i a t e  s o l u t i o n  of  equat ion  (D26) i s  

o r  

A* a* = 
1 + - 2A*5, 

2 Eliminat ing p* + q*2 between equat ions (D12) and (D24) and s u b s t i t u t i n g  f o r  
a* from equat ion (D28) y i e l d s  t h e  fol lowing expression f o r  p* 

A *  
- 5, p* = 

2 ( 1  + 2JA*2 - 2A*5, - 2X*5,) 

Equation (D4) then  provides  t h e  va lue  o f  X corresponding t o  t h e  fastest 
divergence,  t hus ,  

(D30) 
- 2A*5z - 2 h * < ,  X = l -  ~~ 

(1  + - 2A*5,)(1 + 2JX*2 - 2A*SZ - 2X*<,) 
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Since X < 1 it follows from equation (D30) that 

or 

Since 
stringent limitation on permissible value of cZ than is inequality (D27). 

(m - 1)/4A* < X*/2 it follows that inequality (D31) is a more 

The imaginary part of the complex root may be obtained from equation (D12); 
thus, 
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APPENDIX E 

EVALUATION OF THE MAXIMUM VALUE OF m h *  

Y 

1 

For any va lue  of  X and A* t h e  value o f  mdm* given i n  f i g u r e  9 
sat isf ies  equat ion  (92) wi th  md* rep laced  by mh*. Thus, 

Furthermore t h e  computer s tudy  which r e s u l t e d  i n  f i g u r e  9 shows t h a t  equa- 
t i o n  (El) has one r e a l  nega t ive  roo t  and a p a i r  o f  equal p o s i t i v e  r o o t s .  
Therefore  equat ion (El) may be  represented  i n  t h e  form 

(K* + a )  (K* - b ) 2  = 0 (E21 

' o r  
K * ~  + K *  2 (a  - 2b) + K*(b2 - 2ab) + ab2 = 0 

Equating c o e f f i c i e n t s  of equat ions (El) and (E31 produces 

A necessary condi t ion  f o r  mdm* 

A* i s  (amdm*/ah*) = 0. D i f f e r e n t i a t i n g  equat ions (E4), (ES), and (E6) with 
r e spec t  t o  A *  and us ing  t h i s  condi t ion  gives  t h e  fol lowing equat ions 

t o  be a maximum with r e spec t  t o  v a r i a t i o n s  i n  

aa 2ab - 1 - X 2 
a x *  ax*  A* 
- - - - -  {mdm* - x* [mdm* - (1 - mdm*)X13 

mdm* (1  - mdm*) (1  - X)A* ab b aa 1 - x  
ax* ax*  X 

(b - a )  - -- = - 



aa + 2ab - ab - - (1 - md *) (1  - X) a A* m b2  - ax* 

1 

El imina t ing  aa/aA* and ab/ah* g ives  

- -  1 - x  {mdm* - A*2[mdm* - (1 - mdm*)X])b2 
A*2X 

*)X*b - (1 - mdm * ) ( 1  - X) = 0 + 2 x mdm*(l-mdm (E10) 
(1 - X)2 

I t  i s  convenient a t  t h i s  s t a g e  t o  in t roduce  a v a r i a b l e  €, def ined  by 

A 1 - x  5 = md,* - X 

Equations (E4), (E5), (E6), and (E10) can then  be  r e w r i t t e n  as 

+ (1 - mdm*)(l - X)A* (E l l )  
1 + 

A *  a - 2b = -5  

b2  - 2ab = -E[A*2(1 - mdm*)(l - X) + 11 + (1 - mdm*)(l - X) (E121 

ab2 = (1  - mdm*)(l - X)h* (E131 

2 [E -A;*2 + (1 - mdm*) (1 - X)A*]b2 - 2 E h *  b (1  - mdm*) (1  - X) 

+ (1 - mdm *) (1  - X ) A *  = 0 (E14) 

S u b s t i t u t i n g  ab2 
(E12), and (E14) gives  

f o r  (1  - mdm*) (1 - X)A* (eq. (E13)) i n  equat ions ( E l l ) ,  

+ A*2 + ab2 
A* a - 2b = -5 

ab b2  - 2ab = -E(A*ab2 .t 1)  + - 
A *  

(E171 - A*2 + ab2 - 2<A*ab + a = 0 E A* 

S u b s t i t u t i n g  5 from equat ion (E15) i n t o  equat ions (E16) and (E17) gives,  
a f t e r  some s i m p l i f i c a t i o n ,  
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b 

I 
A * 3  (a2b - 2ab2 - a2b3 -t 2 a  - b)b  + X*2(a - 2b) + A*(2ab - b2)  + ab2 = 0 (E181 

X*2(a2b - 2ab2 - a2b3 + a - b )  + (b + ab2) = 0 (E191 

I If a s o l u t i o n  e x i s t s  then  equat ions (E18) and (E19) must have a common roo t .  
The d i a l y t i c  e l iminant  of  equat ions (E18) and (E19) is  

a2b - Zab2 - a2b3 + 2a- b)b a -  2b 2ab - b2 ab 0 

0 (a2b - 2ab2 - a2b3 + 2a - b)b a - 2b 2ab - b2 ab 

0 0 a 2 b - 2 a b 2 - a 2 b 3 + a - b  0 b + ab’ 

0 a2b - 2ab2 - a2b3 + a - b 0 b + ab2 0 

a2b  - 2ab2 - a2b3 + a - b 0 b + ab2 0 0 

= o  

I t  can be  shown by d i r e c t  s u b s t i t u t i o n  t h a t  equat ion (E20) i s  s a t i s f i e d  when 

a = b  

S u b s t i t u t i n g  a f o r  b i n  equat ion (E18) then  y i e l d s  

1 A* = - a 

From equat ion (E15) s u b s t i t u t i n g  f o r  A *  and b from equat ions (E22) 
r e s p e c t i v e l y ,  g ives  t h e  fol lowing expression f o r  5 

Eliminat ing a from equat ions (E23) and (E13) then  gives  
3 

m dm * = (md,,,*lmaX = x 

from which it  fol lows t h a t  

a = J 1 - X  

From equat ions (E22), (E24), and (E25) 

1 - (mdm*)max - - h*’ 
The graph of equat ion  (E26) is  shown by t h e  dashed l i n e  i n  figure 9. 
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TABLE 1. EXAMPLE BOOMS 

Parameter 

Radius o f  c ros s  s e c t i o n ,  

Wall th ickness ,  h ,  m 
Thermal conduct iv i ty ,  K,  

Mass dens i ty ,  p ,  kg/m3 
S p e c i f i c  h e a t ,  cy  J /kg  "K 
Coe f f i c i en t  of  thermal  

expansion, e,, m/m OK 

Stephan-Boltzmann cons t an t ,  
cry J/sec m2 O K 4  

Thermal r a d i a t i o n  cons t an t ,  
Js, J/sec m2 

Emiss iv i ty ,  E 

Absorpt iv i ty ,  as 
Young's modulus, E ,  n/m2 
Second moment o f  area, I ,  

Tors iona l  s t i f f n e s s ,  C y  nm2 
Warping s t i f f n e s s ,  ~ 1 ,  nm4 
Ab so  1 u t  e amb i e n t  temperature 

1, usee (eq. ( 5 ) )  
R,, m (eq. (8 ) )  

r, m 

J/sec m O K  

m4 

To, "K 

Mass per u n i t  l eng th ,  om, 

Polar  i n e r t i a  p e r  u n i t  
l ength ,  oI, kg m 

Boom length ,  L ,  m 
True t i p  mass, 9, kg 
E f f e c t i v e  t i p  mass, mT + AmT, 

True r o t a t i o n a l  i n e r t i a  of 

E f f e c t i v e  r o t a t i o n a l  i n e r t i z  

kg/m 

kg 

t i p  m a s s ,  I,,,, kg m2 

of t i p ,  I,,, + AI,,,, kg m2 
L a  = kL 

Boom A I Boom B [ B V  

5 . 7 1 ~ 1 0 - ~  

1 . 3 8 5 ~ 1 0 ~  
0.035 
0.13 
1 . 3 1 ~ 1 0 ~  

300 

6 00 
1.0 

0.019 

18 .3  
0 

0.084 

0 

D. 5 6 5 ~ 1 0 - ~  
3.44 

~- 

1 . 6 1 1 ~ 1 0 - ~  6 . 0 0 8 ~ 1 0 - ~  6 .012~10- '  
3.44 1 -  4.60 I 7.11 

... . . . .  

. 0.76~10.-% 
18.3 24.4 

1.61 1 3.76 

1.694 13.872 3.804 
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TABLE 1. EXAMPLE BOOMS - Concluded 
. . -  

Tip condition 

fl(kL) (fig. 3) 
fj(kL) (fig. 3) 
A (eq. (27)) 
B (eq. (41)) 
D (eq. (29)) 
( 1 / m  @ / D l  (eq. 133)) 
Radius of gyration of 

equivalent tip mass, 
m d J 9  

Jm,(A - B) and A *  
X 

rime to double amplitude 
P* (fig. 6)  , 

(no damping), min 
~~ 

- . -  __ 

Unres trainec 

0.49 
0.29 

1 . 2 6 9 1 ~ 1 0 ~  
8 . 8 8 8 3 ~ 1 0 ~  
8 . 9 6 8 8 ~ 1 0 ~  

0.045 

0.00632 
5.655 
0.700 
0.142 

0.46 
-. ~- 

Restrained 
. .  

0.41 
0.275 

1 . 2 2 3 2 ~ 1 0 ~  
8 . 4 2 8 6 ~ 1 0 ~  
7 . 5 0 4 4 ~ 1 0 ~  

0.0515 

0.0308 
25.383 

0.689 
0.042 

6 .98  

. .. 

Res trainec 

0.52 
0.37 

5 .6802~10 '  
4 .7788~10 '  
2 . 2 5 6 1 ~ 1 0 ~  

0.0796 

0.0402 
58.217 

0.8413 
0.048 

14.02 

Restrained 

0.665 
0.51 

6 . 2 1 2 7 ~ 1 0 ~  
5 . 8 7 7 7 ~ 1 0 ~  
1 .O725x1O5 

0.184 

0.396 
111.887 

0.946 
0.075 

17.20 

58 NASA-Langley, 1970 - 32 A-3284 
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